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Abstrat
Let X0 be a ompat Riemannian manifold with boundary endowed with a oriented,
measured even dimensional foliation with purely transverse boundary. Let X be the
manifold with ylinder attahed and extended foliation. We prove that the L2measured
index of a Dira type operator is well dened and the following Atiyah Patodi Singer
index formula is true
indL2,Λ(D
+) = 〈 bA(X,∇) Ch(E/S), CΛ〉+ 1/2[ηΛ(D
F∂ )− h+Λ + h
−
Λ ].
Here Λ is a holonomy invariant transverse measure, ηΛ(D
F∂ ) is the Ramahandran eta
invariant [23℄ of the leafwise boundary operator and the Λdimensions h±Λ of the spae of
the limiting values of extended solutions is suitably dened using square integrable rep-
resentations of the equivalene relation of the foliation with values on weighted Sobolev
spaes on the leaves.
1 Introdution
LetX0 be an even dimensional oriented ompat Riemannian manifold with boundary equipped
with a unitary Cliord module E −→ X0 with ompatibile Cliord onnetion. Suppose eah
geometri struture is produt type near the boundary. It is a well known fat sine the
seminal paper by Atiyah Patodi and Singer [3℄ that the index problem for the Dira operator
D in X0 an be approahed in at least two ways;
1. a generalized boundary value problem with pseudodierential boundary ondition (the
Atiyah Patodi Singer boundary ondition)
2. an L2 index problem on the manifold X obtained attahing a ylinder to X0 aross its
boundary. Atually there is a third ompletely independent point of view, that of Melrose's b
geometry [19℄. This an be seen to orrespond to a ompatiation of X joining a boundary
at the innity.
Indeed the operator splits near the boundary as D = σ(D0 + ∂r) where σ is a bundle iso-
morphism, D0 is a Dira operator on the boundary and ∂r is the normal derivative. Call D˜
the naturally extended operator on X . One an show that D˜ is Fredholm if and only if the
boundary operator is invertible in L2 [19℄ but the kernels KerL2(D˜
±) are nite dimensional
and the dierene of these dimensions is alled the L2 index of D˜. The Atiyah Patodi Singer
formula omputes this index in terms of the Atiyah Singer loal integrand, the eta invariant
η(D0) of the boundary operator and some orreting numbers related to the spaes of the
L2extended solutions on the ylinder,
indL2(D
+) =
∫
X0
Â(X0,∇)Ch(E/S) + 1
2
[η(D0) + h
− − h+].
If ∂X0 has no boundary and is foliated by a smooth foliation equipped with a holonomy
invariant transverse measure, Alain Connes [12℄ has generalized, in the ontest of non om-
mutative geometry, the Atiyah Singer index formula for a leafwise Dira operator on X0 i.e. a
family of Dira operators one for eah leaf that vary transversally in a measurable way. This
result an be seen as a generalization of the Atiyah L2index theorem for Galois overings
Γ−X˜0 −→ X0, where the Von Neumann algebra assoiated to the right regular representation
of the dek group Γ is used to dene the L2index of the lifted Dira operator on the total
spae X˜0. In spite of geometrial appliations (the signature operatore and the signature for-
mula) one an ask about the existene of an Atiyah Patodi Singer index formula for a foliated
manifold with boundary with foliation transverse
1
(normal) to the boundary and a holonomy
invariant transverse measure Λ. This formula has to reet both the struture of the formula
of Connes and Atiyah Patodi Singer. Mohan Ramahandran [23℄ partially solved the prob-
lem, proving the A.P.S. theorem for measured foliations for the boundary value problem with
A.P.S. boundary ondition. In this paper we adopt the seond point of view proving the index
formula for foliations of manifolds with ylindrial ends. We work, as Ramahandran at level
of the leaves using the equivalene relation to prove our main result
Theorem 1.0  The Dira operator has nite dimensional L2 − Λindex and the following
formula holds
indL2,Λ(D
+) = 〈Â(X)Ch(E/S), CΛ〉+ 1/2[ηΛ(DF∂ )− h+Λ + h−Λ ]
where h±Λ := dimΛ(Ext(D
±) − dimΛ(KerL2(D±) are the suitably dened Λdimensions of the
spae of extended solutions, CΛ is the RuelleSullivan urrent assoiated to the transverse measure
Λ and ηΛ(D
F∂ ) is the Ramahandran eta invariant of the boundary leafwise operator.
Our proof is a generalization of a method of Boris Vaillant [29℄ that proved the Atiyah Patodi
Singer index formula for Galois overings of manifolds with ylindrial ends. In setion 2 we
introdue the geometri settings and notations. In setion 3 we review the lassial Atiyah
Patodi Singer index formula paying attention to its ylindrial L2version. In setion 4 we
show that one an dene a version of the essential spetrum of the operator relatively to
the Von Neumann algebra of the foliation. Sine this spetrum is stable by Λompat
perturbations one an arry to foliations the result that the Fredholmness in the sense of
Breuer [7℄ is equivalent to boundary invertibility. More preisely a splitting priniple is valid:
the Von Neumann essential spetrum is determined by the leafwise behaviour outside ompat
sets. In setion 5 we show that the measured L2 index of the Dira operator is nite. This
is our form of ellipti regularity. More preisely we show that the longitudinal measures
orresponding to the projetions on the kernel and the okernel are nite on sets of the form
(ompat in the boundary) × (ylinder). The onstrution of the trae as the integration of
longitudinal measures against transverse measures makes the rest. Then we perform a two
parameter perturbation making the operator BreuerFredholm. This an be done, thanks to
the splitting priniple, by a modiation of the boundary operator. In the proof of the index
formula we will arefully examine the behaviour of the Λdimensions of the orresponding
spaes of the extended solutions of the perturbed operator showing that they onverge to
the dimensions of the non perturbed one. Eah leaf is a manifold with bounded geometry
1
in order to have an indued foliation on the boundary
2
and ylindrial ends. The perturbed operator has produt struture displaying a regularizing
operator in the ross setion of the ylinder times an order one operator with nite propagation
speed in the ylindrial diretion. In setion 6 the ylindrial nite propagation speed is
exploited, as in [29℄ to prove some Cheeger Gromov Taylor estimates that relates the heat
kernel of the perturbed operator with the non perturbed one. In setion 7 we disuss the
existene and onvergene properties of the Ramahandran eta invariant for the perturbation.
Finally in setion 8 the index formula is proven and, in setion 9 is shown to be ompatible
with that of Ramahandran.
The author wishes to thanks its thesis advisor Paolo Piazza for having suggested him the
problem and for a lot of interesting disussions.
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2 Geometri Setting
A pdimensional foliation F on a ndimensional manifold with boundary X0 is transverse to
the boundary if it is given by a foliated atlas {Uα} with homeomorphisms φα : Uα −→ Vα×Wα
with Vα open in H
p := {(x1, ..., xp) ∈ Rp : x1 ≥ 0} and W q open in Rq with hange of
oordinated φα(u, v) of the form
v′ = φ(v, w), w′ = ψ(w) (1)
(ψ is a loal dieomorphism). Suh an atlas is assumed to be maximal among all olletions
of this type. The integer p is the dimension of the foliation, q its odimension and p+ q = n.
In eah foliated hart, the onneted omponents of subsets as φ−1α (Vα × {w}) are alled
plaques. The plaques oalese (thanks to the hange of oordinate ondition (1)) to give
3
maximal onneted injetively immersed (not embedded) submanifolds alled leaves. One
uses the notation F for the set of leaves. Note that in general eah leaf passes innitely times
through a foliated hart so a foliation is only loally a bration. Taking the tangent spaes
to the leaves one gets an integrable subbundle TF ⊂ TX0 that's transverse to the boundary
i.e T∂X0+TF = TX0 in other words the boundary is a submanifold that's transverse to the
foliation. Let given on X a smooth oriented foliation F with leaves of dimension 2p respeting
the ylindrial struture i.e.
1. The submanifold ∂X0 is transversal to the foliation and inherits a foliation with the same
odimension F∂ = F|∂X0 with foliated atlas given by φα : Uα ∩ ∂X0 −→ ∂Vα ×Wα.
2. The restrition of the foliation on the ylinder is produt type F|Z = F∂ × [0,∞).
Note that these onditions imply that the foliation is normal to the boundary. The orientation
we hoose is the one given by (e1, .., e2p−1, ∂r) where (e1, .., e2p−1) is a positive leafwise frame
for the indued boundary foliation. As explained in [3℄ this will hoose one of the two possible
boundary Dira operators. Let E −→ X be a leafwise Cliord bundle with leafwise Cliord
onnetion ∇E and Hermitian metri hE . Suppose eah geometri struture is of produt
type on the ylinder meaning that if ρ : ∂X0 × [0,∞) −→ ∂X0 is the base projetion
E|Z ≃ ρ∗(E|∂X0 ), hE|∂X0 = ρ∗(hE|∂X0), ∇E|Z = ρ∗(∇E|∂X0 ).
Eah geometri objet restrits to the leaves to give a longitudinal Cliord module that's
anonially Z2graded by the leafwise hirality element. One an hek immediately that
the positive and negative boundary eigenbundles E+∂X0 and E
−
∂X0
are both modules for the
Cliord struture of the boundary foliation [19℄. Leafwise Cliord multipliation by ∂r indues
an isomorphism of Cliord modules c(∂r) : E
+
∂X0
−→ E−∂X0 . Put F = E+|∂X0 the whole Cliord
module on the ylinder E|Z an be identied with the pullbak ρ∗(F ⊕ F ) with the following
ation: tangent vetors to the boundary foliation v ∈ TF∂ ats as cE(v) ≃ cF (v)Ω with
Ω =
(
0 1
1 0
)
while in the ylindrial diretion cF (∂r) ≃
(
0 −1
1 0
)
. In partiular one an
form the longitudinal Dira operator assuming under the above identiation the form
D = c(∂r)∂r + c|F0∇E|F∂ = c(∂r)∂r +ΩDF∂ = c(−∂r)[−∂r − c(−∂r)ΩDF∂ ]. (2)
Here DF∂ is the leafwise Dira operator on the boundary foliation. In the following, these
identiations will be omitted letting D at diretly on F ⊕ F aording to(
0 D−
D+ 0
)
=
(
0 −∂r +DF∂
∂r +D
F∂ 0
)
=
(
0 ∂u +D
F∂
−∂u +DF∂ 0
)
where u = −r, ∂u = −∂r (interior unit normal) note this is the opposite of A.P.S. notation.
We shall use the notation X = Xk ∪Zk with Zk = ∂X0× [k,∞) and Xk = X0∪ (∂X0× [0, k])
also Zba := ∂X0× [a, b] and where there's no danger of onfusion Zx is the ylinder of the leaf
passing through x, Zx = Lx ∩ Z0.
3 The Atiyah Patodi Singer index theorem
We are going to reall the lassial AtiyahPatodiSinger index theorem in [3℄. So let X0
be a ompat 2p dimensional manifold with boundary ∂X0 and onsider a Cliord bundle
E with all the geometri struture as in the previous setion. We take here the opposite
orientation of A.P.S i.e. we use the exterior unit normal to indue the boundary operator
instead of the interior one. In other words D+
here
= D−
APS
. The operator writes in a ollar
4
around the boundary
(
0 D−
D+ 0
)
=
(
0 −∂r +D0
∂r +D0 0
)
where ∂r is the exterior
unit normal and D0 is a Dira operator on the boundary. It is shown in [2℄ that the K
theory of the boundary manifold ontains topologial obstrutions to the existene of ellipti
boundary value onditions of loal type (for the signature operator they are always non zero).
If one enlarges the point of view to admit global boundary onditions a Fredholm problem
(with Calderon projetion [6℄) an properly set up. More preisely, onsider the boundary
operator D0 ating on ∂X0. This is a rst order ellipti dierential operator with real disrete
spetrum on L2(∂X0;F ). Let P = χ[0,∞)(D0) be its pseudo dierential spetral projetion
on the non negative part of the spetrum. Then
1. The (unbounded) operator D+ : C∞(X ;E+, P ) −→ C∞(X,E−) with domain
C∞(X ;E+, P ) := {s ∈ C∞(X ;E+) : P (s|∂X0) = 0} is Fredholm and the index is given
by the formula
indAPS(D
+) =
∫
X0
Â(X,∇)Ch(E,∇)− h/2 + η(0)/2
with the AtiyahSinger Â(X,∇) dierential form2, the twisted Chern harater Ch(E,∇)
[4, 19℄ and two orreting terms:
• h := Ker(D0) is the dimension of the kernel of the boundary operator
• η(0), the eta invariant of D0 is a spetral invariant whih gives a measure of the asym-
metry of its spetrum. This is extensively explained in setion 7.
2. The index formula an be interpreted as a natural L2 problem on the manifold with a
ylinder attahed X and every struture pulled bak. More preisely the kernel of
D+ : C∞(X ;E+, P ) −→ C∞(X,E−) turns out to be naturally isomorphi to the kernel of D+
extended to an ubounded operator on L2(X) while to desribe the kernel of its Hilbert spae
adjoint i.e. the losure ofD− with the adjoint boundary onditionD− : C∞(X ;E−, 1−P ) −→
C∞(X,E+) the spae of extended L2 solutions must be introdued.
A loally square integrable solution s of the equation D−s = 0 on X is alled an extended
solution if for large positive r the equation
s(y, r) = g(y, r) + s∞(y) (3)
is satised where y is the oordinate on the base ∂X0 and g ∈ L2 while s∞ solves D0s∞ = 0
and is alled the limiting value of s.
APS prove that the kernel of (D+)∗ (Hilbert spae adjoint ofD+ with domain C∞(X ;E+, P ))
is naturally isomorphi to the spae of L2 extended solution of D− on X . Moreover
ind
APS
(D+) = dimL2(D
+)− dimL2(D−)− h∞(D−) = indL2(D+)− h∞(D−) (4)
where indL2(D
+) := dimL2(D
+)− dimL2(D−) and the number h∞(D−) is the dimension of
the spae of limiting values of the extended solutions of D−. The number at right in (4) is
sometimes alled the L2 extended index. Along the proof of (4) the authors prove that
h = h∞(D+) + h∞(D−) (5)
and onjeture that it must be true at level of the kernel of D0 i.e.
every setion in Ker(D0) is uniquely expressible as a sum of limiting values oming from D
+
and D−.
2
due to the presene of the boundary one does not have here a ohomologial pairing, for this reason the
notation
bA(X,∇) stresses the dependene from the metri through the onnetion ∇
5
The onjeture was solved by Melrose with the invention of the balulus, a pseudodierential
alulus on a ompatiation of X that furnished a totally new point of view on the APS
problem [19℄.
With (4) and (5) the index formula is
indL2(D
+) =
∫
X0
Â(X0)Ch(E) +
η(0)
2
+
h∞(D−)− h∞(D+)
2
.
Finally a naive remark on the nature of the extended solutions in order to motivate our
denition of their Von Neumann ounterparts h∞(D±) (equation (24) and (50)). For a
real parameter u say that a distributional setion s on the ylinder is in the weighted L2
spae eurL2(∂X0 × [0,∞);E±) if e−urs ∈ L2. The operator D± trivially esxtends to at
on eah weighted spae. Now it is evident from (3) that an L2extended solution of the
equation D+s = 0 is in eah eurL2 for positive u. Vieversa let s ∈ ⋂u>0KereurL2(D+).
Keep u xed, then e−urs ∈ L2 an be represented in terms of a omplete eigenfuntion
expansion for the boundary operator D0, e
−urs =
∑
λ φλ(y)g(r). Solving D
+s = 0 to-
gether with the ondition e−urs ∈ L2 leads to the representation (on the ylinder) s(y, r) =∑
λ>−u φλ(y)g0λ(y)e
−λr. Sine u is arbitrary we see that s should have a representation as
a sum s(y, r) =
∑
λ≥0 φλ(y)g0λe
−λr
over the non negative eigenvalues of D0, i.e. s is an
extended solution with limiting value
∑
λ=0 φ0(y)g00. We have proved that
Ext(D±) =
⋂
u>0
KereurL2(D
±).
4 Von Neumann algebras, foliations and index theory
The main referene here is the original paper of Alain Connes [12℄ or the book by Moore
and Shohet [20℄. Sine we shall be interested, in a future paper to formulate boundary
value problems we hoose to work with the equivalene relation R of the foliation sine we
believe, with Ramahandran [23℄ that's the most natural ambient where to write boundary
onditions. With its natural Borel struture R is a Borel groupoid with start, range and
omposition dened by:
s(x, y) = y, r(x, y) = x, (x, y) · (y, z) = (x, z).
The rber r−1(x) is denoted by Rx = {(x, y) : y ∈ Lx}. If {Hx} is a Borel eld of Hilbert
spaes on the base X , a representation of R is a funtor U from R to the ategory of Hilbert
spaes i.e. U(x, y) : Hx −→ Hy is a unitary isomorphism for every (x, y) ∈ R. This funtor
has to be measurable in a preise sense [12℄. A longitudinal measure is a olletion of measures
{νx}x∈X with νx supported on Rx that is Rinvariant i.e. νx = νy if (x, y) ∈ R. If ν is
a longitudinal measure one an dene a kernel in the sense of measure theory [24℄ pushing
forward by left traslation i.e. putting R(ν)γ := γ · νx, γ ∈ R, s(γ) = x. One alls ν proper if
R(ν) is proper. For a proper longitudinal measure left traslation gives a representation Lν of
R valued on the eld of rbers Hx = L2(Rx, νx). A representation is square integrable if it
is equivalent to some subrepresentation of a denumerable union of Lν for a proper ν.
Longitudinal measures pair with transverse measures. This pairing proess is well explained in
[20℄. We shall deal only with transverse measures oming from holonomy invariant transverse
measures for the foliation. Remember that a Borel set T ⊂ X is alled a Borel transversal if it
intersets eah leaf in a atmost denumerable set. The set of all Borel transversal is a σring.
A nitely additive measure ν on this σring is alled holonomy invariant if for every Borel
bijetion φ : T1 −→ T2 with (x, φ(x)) ∈ R then ν(T1) = ν(T2). Remember that for oriented
foliations holonomy invariant transverse measures arise from foliated losed urrents or from
6
ows generated by vetor elds tangent to the leaves. The RuelleSullivan isomorphism is
the orrespondene between invariant measures and foliated urrents. On foliated harts
transverse measures an be disintegrated along the plaques.
Suppose U, V are two representation with values on the elds of Hilbert spaes H,K. A
uniformly bounded Borel family of bounded operators Tx : Hx −→ Kx intertwines U and V
if V(x,y) ◦ Tx = Ty ◦ U(x,y), (x, y)a.e..
For square integrable representations on the elds of Hilbert spaes Hi let HomR(H1, H2)
the vetor spae of the intertwining operators. A holonomy invariant measure gives rise to
a quotient projetion HomR(H1, H2) −→ HomΛ(H1, H2) given by identiation modulo Λ-
a.e. equality. Elements of HomΛ(H1, H2) are alled Random operators between the random
Hilbert spaes Hi. If H1 = H2 = H , then HomR(H,H) = EndR(H) is an involutive algebra,
the quotient via Λ is the seminite Von Neumann algebra3 EndΛ(H); its natural trae trΛ is
dened using the oupling longitudinal/transverse measures [20℄. Indeed to trae a eld of
operators one rst looks at the eld of its loal traes
4
[20℄. This is a longitudinal measure
that an be integrated against Λ and the result is the trae.
For a vetor bundle E −→ X let L2(E) be the Borel eld of Hilbert spaes on X xed
by the leafwise square integrable setions {L2(Lx, E|Lx)}x∈X . There is a natural square
integrable representation of R on L2(E) the one given by (x, y) 7−→ Id : L2(Lx, E) −→
L2(Ly, E). Denote EndR(E) the vetorspae of all intertwining operators and HomΛ(E) the
orresponding Von Neumann algebra.
Sine we need unbounded operators we have to dene measurability for elds of losed un-
bounded operators. We say that the eld of losed unbounded operators Tx is measurable if
are measurable the elds of bounded operators ux and (1+T
∗
xTx)
−1
that determine univoquely
the polar deomposition T = u|T |.
Next, we review some ingredients from Breuer theory of Fredholm operators on Von Neumann
algebras, adapted to the seminite ase with some notions translated in the language of the
essential Λspetrum, a straightforward generalization of the essential spetrum of a self
adjoint operator. The main referenes are [7℄, [8℄ and [9℄. Remember that the set of projetions
P := {A ∈ EndΛ(E), A∗ = A,A2 = A} of a Von Neumann algebra, has the struture of a
omplete lattie i.e. for every family {Ai}i of projetions one an form their join VAi and
their meet ΛAi. Then for a random operator A ∈ EndΛ(E) we an dene its projetion on
the range R(A) ∈ P(EndΛ(E)) and the projetion on its kernel N(A) ∈ P(EndΛ(E)) by
R(A) := V{P ∈ P(EndΛ(E)) : PA = A} and N(A) := Λ{P ∈ P(EndΛ(E)) : PA = P}. If A
is the lass of the measurable eld of operators Ax, it is lear that R(A) and N(A) are the
lasses of R(A)x and N(A)x.
Let Hi, i = 1, .., 3 be square integrable representations of R; dene Λnite rank random op-
erators BfΛ(H1, H2) := {A ∈ HomΛ(H1, H2) : trΛR(A) < ∞}, Λompat random operators
B∞Λ (H1, H2) as the norm losure of nite rank operators. The ΛHilbertShmidt random
operators are B2Λ(H1, H2) := {A ∈ HomΛ(H1, H2) : trΛ(A∗A) < ∞} and Λtrae lass oper-
ators B1Λ(H) = B
2
Λ(H)B
2
Λ(H)
∗ = {∑ni=1 SiT ∗i : Si, Ti ∈ B2Λ(H)}. It is easy to hek, as for
B(H), H Hilbert spae, that B∗Λ(H) is a ∗ideal in EndΛ(E) for ∗ = 1, 2,∞. An element
A ∈ B∗Λ(H) i |A| ∈ B∗Λ(H), we have the inlusion BfΛ(E) ⊂ B1Λ(E) ⊂ B2Λ(E) ⊂ B∞Λ (E)
and B1Λ(E) = {A ∈ EndΛ(E) : trΛ |A| < ∞}. An important inequality we shall use (a proof
in hapter V of [28℄) is the following, take A ∈ B1Λ(E) and C ∈ EndΛ(H). We have polar
3
to be preise this is a W ∗ algebra in fat it is not naturally represented on some Hilbert spae. The hoie
of a longitudinal measure ν gives however a representation EndR(H) −→ B(
R
X
HxdΛν(x)) on the diret
integral of the eld Hx
4
this is a notion introdued by Atiyah, the loal trae of a positive (in general not trae lass) operator T
on L2(Y, µ) is the measure A 7−→ trL2(χATχA)
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deompositions A = U |A| and C = V |C| then |A| = U∗A ∈ B1Λ(E), |A|1/2 ∈ B2Λ(E) and
| trΛ(CA)| ≤ ‖C‖ trΛ |A|. (6)
Definition 4.1  A random operator F ∈ HomΛ(E1, E2) is ΛFredholm (BreuerFredholm)
if there exist G ∈ HomΛ(E2, E1) suh that FG − Id ∈ B∞Λ (E2) and GF − Id ∈ B∞Λ (E1).
For a eld of unbounded losed operators Tx : H1 −→ H2 we say that it is ΛFredholm if the
orresponding eld Tx : (Domain(Tx), ‖ · ‖Tx) −→ H2 dened by the graph norm is ΛBreuer
Fredholm.
It is straightforward to show that a random operator F ∈ HomΛ(H1, H2) is ΛFredholm if
and only if N(F ) is Λnite rank and there exist some nite rank projetion S ∈ EndΛ(H2)
suh that R(Id−S) ⊂ R(F ). Then ΛFredholm operators F have a nite Λindex. In fat
trΛ(N(F )) <∞ and trΛ(1 −R(F )) ≤ trΛ(S) <∞ and one an dene
indΛ(F ) := trΛ(N(F ))− trΛ(1 −R(F )).
To motivate the denition of the Λessential spetrum, as in [29℄ osider a seminite Von
Neumann algebraM with trae τ , S = S∗ ∈M . One an dene τBreuer Fredholm operators
exatly as in the denition 4.1. The Borel funtional alulus shows that S is τBreuer
Fredholm if and only if there exists ǫ > 0 suh that τ(E(−ǫ, ǫ)) < ∞, where E(∆) is the
spetral projetion of S orresponding to a Borel set ∆. Besides if S = S∗ is τBreuer
Fredholm then indτ S = 0.
So onsider a measurable eld T of unbounded intertwining operators. If T is selfadjoint
(every Tx is selfadjoint a.e.) the parametrized (measurable) spetral Theorem (f. Theorem
XIII.85 in [25℄) shows that for every bounded Borel funtion f the family x 7−→ f(Tx) is
a measurable eld of uniformly bounded intertwining operators dening a unique random
operator. In other words {f(Tx)}x ∈ EndΛ(H). For a Borel set U ⊂ R let χT (U) be the
family of spetral projetions {χU (Tx)}x. Denote HT (U) the measurable eld of Hilbert
spaes orresponding to the family of the images (HT (U))x = χU (T )Hx. The formula
µΛ,T (U) := trΛ(χT (U)) = dimΛ(HU (T ))
denes a Borel measure on R suh that∫
fdµΛ,T = trΛ(f(T )), f : R −→ [0,∞) bounded and Borel. (7)
We all µΛ,T the Λspetral measure of T . Clearly this is not in general a Radon measure
(i.e. nite on ompat sets). In fat due to the nonompatness of the ambient manifold
a spetral projetion of a relatively ompat set of an (even ellipti) operator is not trae
lass. In the ase of ellipti self adjoint operators with spetrum bounded by below this is the
LebesgueStiltijes measure assoiated with the spetrum distribution funtion relative to the
Λtrae. This is the non dereasing funtion λ 7−→ trΛ χ(−∞,λ)(T ). A good referene on this
subjet is the work of Kordyukov [18℄. The proof of formula (7) this fat easily follows starting
from harateristi funtions. Here the normality property of the trae plays a fundamental
role. A detailed argument an be found in [22℄. Next we introdue, inspired by [29℄ the main
harater of this setion.
Definition 4.2  The essential Λspetrum of the measurable eld of unbounded selfadjoint
operators T is
specΛ,e(T ) := {λ ∈ R : µΛ,T (λ− ǫ, λ+ ǫ) =∞, ∀ǫ > 0}.
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Lemma 4.3  For Random operators the Λessential spetrum is stable under ompat per-
turbation. If A ∈ EndΛ(E) is selfadjoint and S = S∗ ∈ B∞Λ (E) then
specΛ,e(A+ S) = specΛ,e(A).
Then if trΛ is innite i.e. trΛ(1) =∞ we have specΛ,e(A) = {0} for every A = A∗ ∈ B∞Λ (E).
Proof Let λ ∈ specΛ,e(A), by denition dimΛHA(λ− ǫ, λ+ ǫ) =∞. Then onsider the
eld of Hilbert spaes
Gǫ,x :=
{
t ∈ χ(−λ−ǫ,λ+ǫ)(Ax)Hx; ‖Sxt‖ < ǫ‖t‖
}
= HSx(−ǫ, ǫ) ∩HAx(−λ− ǫ, λ+ ǫ).
This atually shows that Gǫ is Λnite dimensional in fat HAx(−λ − ǫ, λ + ǫ) is Λinnite
dimensional while HSx(−ǫ, ǫ) is Λnite odimensional. This shows that λ ∈ specΛ,e(A+ S).
The seond statement is immediate. 2
There is a spetral haraterization of ΛFredholm random operators as expeted from the
denition of the Λ essential spetrum.
Proposition 4.4  For a random operator F ∈ HomΛ(H1, H2) the following are equivalent
1. F is ΛFredholm.
2. 0 /∈ specΛ,e(F ∗F ) and 0 /∈ specΛ,e(FF ∗).
3. 0 /∈ specΛ,e
(
0 F ∗
F 0
)
4. N(F ) is Λnite rank and there exist some nite rank projetion S ∈ EndΛ(H2) suh that
R(Id−S) ⊂ R(F ).
4.1 The splitting priniple
For ellipti operators, the stability of the spetrum under ompat perturbations leads to an
useful tool. For every x ∈ X and integer k onsider the Sobolev spae Hk(Lx, E) of setions
of E, obtained by ompletion of C∞c (Lx, E) with respet to the k Sobolev norm dened in
terms of the longitudinal Levi Civita onnetion
‖s‖2Hk(Lx;E) :=
k∑
i=0
‖∇ks‖2L2(⊗kT∗Lx;E).
This is the denition of a Borel eld of Hilbert spaes with natural Borel struture given by
the inlusion into L2. In fat, by Proposition 4 of Dixmier [14℄ p.167 to presribe a measure
struture on a eld of Hilbert spaes H it is enough to give a ountable sequene {sj} of
setions with the property that for x ∈ X the ountable set {sj(x)} is omplete orthonormal.
In the appendix of the paper by Heitsh and Lazarov [17℄ is shown, making use of holonomy
that a family with the property that eah sj is smooth and ompatly supported on eah leaf
an be hoosen.
Definition 4.5  Consider a eld T = {Tx}x∈X of ontinuous intertwining operators
Tx : C
∞
c (Lx;E|Lx) −→ C∞c (Lx;E|Lx).
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We say that T is of order k ∈ Z if Tx extends to a bounded operator Hm(Lx, E|Lx) −→
Hm−k(Lx, E|Lx) for eah m ∈ Z and for x a.e.
We say that the T is ellipti if eah Tx satises a Gärding type inequality
‖s‖Hm+kx ≤ C(Lx,m, k)[‖s‖Hmx + ‖Txs‖Hmx ],
and the family {C(Lx,m, k)}x∈X is bounded outside a null set in X .
Sine eah leaf Lx is a manifold with bounded geometry, for a family of ellipti selfadjoint inter-
twining operators {Tx}x∈X every Tx is essentially selfadjoint [29℄ with domain Hk(Lx;E|Lx).
It makes sense again to speak of measurability of suh a family.
Definition 4.6  For two elds of operators P and P ′ say that P = P ′ outside a ompat
K ⊂ X if for every leaf Lx and every setion s ∈ C∞c (Lx \K;E) then Ps = P ′s. This property
holding x a.e in X with respet to the standard Lebesgue measure lass.
Theorem 4.6  The splitting priniple. Let P and P ′ two Borel elds of (unbounded)
selfadjoint order 1 ellipti intertwining operators. If P = P ′ outside a ompat set K ⊂ X then
specΛ,e(P ) = specΛ,e(P
′).
Proof Let λ ∈ specΛ,e(P ), for eah ǫ > 0 put χλǫ := χ(λ−ǫ,λ+ǫ) and Gǫ := χλǫ (P ), then
trΛ(Gǫ) = ∞. The projetion Gǫ amounts to the Borel eld of projetions {χλǫ (Px)}x∈X .
By ellipti regularity on eah Hilbert spae Gǫ,x every Sobolev norm is equivalent in fat the
spetral theorem and Gårding inequality show that for s ∈ Gǫ,x and k ∈ N
‖s‖Hk+2x ≤ C(P1, k + 2){‖s‖L2x + ‖(P1 − λ)ks‖L2x} ≤ (C + ǫk)‖s‖L2x
where C(P1, k + 2) is a onstant bigger than eah leafwise Gårding onstant.
Now hoose two uto funtions φ, ψ ∈ C∞c (X) with φK = 1 and ψ|suppφ = 1. Consider the
elds of operators: Bφ : L
2
x
χǫλ // Gǫ,x
φ // L2x, and
Cψ : L
2
x
χǫλ // (Gǫ,x, ‖ · ‖L2) // (Gǫ,x, ‖ · ‖Hk)
ψ // H1x for a k suiently big in order to
have the Sobolev embedding theorem to hold. We delare that C∗ψCψ ∈ EndΛ(E) is Λ
ompat. In fat onsider by simpliity the ase in whih ψ is supported in a foliation hart
U ×T . The integration proess shows that the trae of C∗ψCψ is given by the integration on T
of the loal trae on eah plaque Ut = U×{t}. Now the operator C∗ψ,xCψ,x is loally traeable
by Theorem 1.10 in Moore and Shohet [20℄ sine by the Sobolev embedding the range of CΨ
is made of ontinuous setions (the fat that eah Sobolev norm is equivalent on Gǫ makes
the teorem appliable i.e don't are in forming the adjoint w.r.t. H1 norm or L2). These
loal traes are uniformly bounded in U × T from the uniformity of the Gårding onstants
for the family sine we are multiplying by a ompatly supported funtion ψ. Atually we
have shown that C∗ψCψ is Λtrae lass. There follows from Lemma 4.3 that the projetion
G˜ǫ := χ(−ǫ2,ǫ2)(C∗ψCψ) is Λinnite dimensional in fat specΛ,e(C
∗
ψCψ) = {0}. Now 1 − Bφ
is ΛFredholm sine Bφ is Λompat then its kernel has nite Λdimension. Also sine
C∗ψCψχ
λ
ǫ = C
∗
ψCψ then G˜ǫχ
λ
ǫ = G˜ǫ and (1 − Bφ)G˜ǫ = (1 − φ)G˜ǫ ⊂ domain(P ′) is Λinnite
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dimensional. Now take s ∈ G˜ǫ, from the denition ‖ψs‖2H1 = 〈Cψs, Cψs〉H1 = 〈C∗ψCψs, s〉L2 ≤
ǫ2‖s‖2L2 then from the identity (P ′ − λ)(1− φ)s = −([P, φ] + (1− φ)(P − λ))s it follows that
‖(P ′ − λ)(1 − φ)s‖L2 ≤ C‖ψs‖H1 + ‖(P − λ)s‖L2 ≤ ǫ(1 + C)‖s‖L2 .
Finally the spetral theorem for (unbounded) self adjoint operators shows that (1 − φ)G˜ǫ ⊂
χ(σ,τ)(P
′) with σ = λ− ǫ(1 + C), τ = λ+ ǫ(1 + C). In partiular λ ∈ specΛ,e(P ′). 2
Corollary 4.7  Consider two foliated manifolds X and Y with ylindrial ends or, more
generally with bounded geometry with holonomy invariant measures Λ1, Λ2 and bounded geometry
vetor bundles E1 −→ X and E2 −→ Y . Suppose there exist ompat sets K1 ⊂ X and K2 ⊂ Y
suh that outside X \K1 and Y \K2 are isometri with an isometry that identies every geometri
struture as the bundles and the foliation with the transverse measure. If P and P ′ are operators
as in Theorem 4.2, page 10 with P = P ′ on X \K1 ≃ Y \K2 in the sense of denition 4.6 then
specΛ1,e(P ) = specΛ2,e(P
′).
Proof The proof of 4.2, page 10 an be repeated word by word till the introdution of
the element (1− φ)G˜ǫ that an be onsidered as an element of EndΛ2(E2) through the xed
isometry. 2
5 Analysis of the Dira operator
5.1 Finite dimensionality of the index problem
Consider the leafwise Dira operator D. Its measurability property is addressed in [23℄ where
is showen to be equivalent to that of the eld of bounded operators (D + i)−1 : L2 −→ H1
on the eld of natural Sobolev spaes. Remember that D is odd with respet to the hiral
grading. The operator D+ is alled the longitudinal hiral Dira operator. We shall ontinue
to denote with D+ its unique L2 losure. In general this is not a BreuerFredholm operator.
In fat Fredholm properties are governed by its behavior at the boundary i.e its restrition
to the base of the ylinder ∂X0. In the one leaf situation D
+
is Fredholm in the usual sense
if and only if 0 is not in the ontinuous spetrum of D−D+ or equivalently if the ontinuous
spetrum has a positive lower bound [19℄. However what is still true in this ase is that the
L2 kernels of D+ and D− are nite dimensional and made of smooth setions. The dierene
dimΛKerL2(D
+)− dimΛKerL2(D−)
is by denition the L2hiral index of D+. It gives the usual Fredholm index when the
operator is Fredholm. Notie that in the non Fredholm ase the L2 index is not stable under
ompatly supported perturbations. We are going to show that in our foliation ase the hiral
index problem is Λnite dimensional in the following sense:
• By the parametrized measurable spetral theorem the projetions on the L2kernels of D±
belong to the Von Neumann algebras of the orresponding bundles, χ{0}(D+) ∈ EndΛ(E±)
and deompose as a Borel family of bounded operators {χ{0}(D±)x}x amounting to the
projetions on the L2 kernels of D±x . Furthermore they are implemented by a Borel family of
uniformly smoothing Shwartz kernels.
• The family of projetions above give rise to a longitudinal measure on the foliation. These
measure are the loal traes U 7−→ trL2(Lx)[χU · χ{0}(D±)x · χU ] where for a Borel U ⊂ Lx
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the operator χU ats on L
2(Lx) by multipliation. In terms of the smooth longitudinal
Riemannian density these measures are represented by the pointwise traes of the leafwise
Shwartz kernels. We prove that these loal traes has the following niteness property
ompletely analog to the Radon property for ompat foliated spaes.
Finiteness property for loal traes of projetions on the kernel.
Consider a leaf Lx. This is a bounded geometry manifold with a ylinder ∂Lx × R+. We
laim that for every ompat K ⊂ ∂Lx
trL2(Lx)[χK×R+ · χ{0}(D±)x · χK×R+ ] <∞ (8)
Sine this list of items is aimed to the denition of the index, the (rather long) proof of
inequality (8) is postponed immediately after. We limit ourselves here to say that is the
relevant form of ellipti regularity in our situation.
• The integration proess of a longitudinal measure against a transverse holonomy invariant
measure immediately shows that the integrability ondition above is suient to assure -
nite Λdimensionality of the L2 kernels of D±. Indeed it is suient to hoose an interior
transversal S1 and a boundary transversal S2 i.e. a transversal ontained into ∂X0 and apply
the usual integration displaying X as measuretheoretially bering over the union S1 ∪ S2.
Now the integral has two terms. The seond integral, on S2 is nite thanks to the niteness
property above in fat the situation here is a bered integral of a standard Radon measure on
the base times a nite measure. The interior term is nite thanks to proposition 4.22 in [20℄.
• Finally the hiral ΛL2index an be dened to be the real number
IndL2,Λ(D
+) := trΛ(χ{0}(D+))− trΛ(χ{0}(D−)) ∈ R.
Proof of niteness property of the loal trae of kernel projetions
Proof It is lear that it sues to prove the property for eah operator (·)|∂x×R+χ{0}(D+x ).
Let us onsider the operator D+ on a xed leaf Lx. This is a bounded geometry manifold
with a ylindrial end ∂Lx × R+ = {y ∈ Lx : r(y) ≥ 1} where the operator an be written
in the form B + ∂/∂t ating on setions of F −→ ∂Lx × R+. The boundary operator B is
essentially selfadjoint on L2(∂Lx;F ) on the omplete manifold ∂Lx (see [11℄ and [10℄ for a
proof of selfadjointness using nite propagation speed teniques).
We are going to remind the BrowderGårding type generalized eigenfuntion expansion for B
(see [13℄ 11, 300307, [15℄ and [23℄ for an appliation to a A.P.S foliated and Galois overing
index problem).
Aording to BrowderGårding there exist
1. a sequene of smooth setional maps ej : R × ∂Lx −→ F i.e. ej is measurable and for
every λ ∈ R, ej(λ, ·) is a smooth setion of F over ∂Lx suh that Bej(λ, x) = λej(λ, x).
2. a sequene of measures µj on R suh that the map V : C
∞
c (∂Lx;F ) −→
⊕
j L
2(R, µj)
dened by (V s)j(λ) = 〈s, ej(λ, ·)〉L2(∂Lx) (use the Riemannian density) extends to an
Hilbert spae isometry V : L2(∂Lx;F ) −→
⊕
j L
2(R, µj) =: HB whih intertwines
Borel spetral funtions f(B) with the operator dened by multipliation by f(λ) with
domain dom f(B) =
{
s :
∑
j
∫
R
|f(λ)|2|(V s)j(λ)|2dµj(λ) <∞
}
.
Notie that ej(λ, ·) need not be square integrable on Lx. Taking tensor produt with L2(R)
we have the isomorphism
L2(∂Lx × R+, F ) ≃ L2(∂Lx, F )⊗ L2(R) ∼−→ [⊕jL2(R, µj)]⊗ L2(R+) = HB ⊗ L2(R+) (9)
12
where R+ = (0,∞)r. Under the identiation W := V ⊗ Id the operator D+ is sent into
λ+∂r ating on HB⊗L2(R+). Now let s be an L2solution of Dxs = 0. By ellipti regularity
it restrits to the ylinder as an element
s(x, r) ∈ C∞(R+, H∞(∂Lx;F )) ∩ L2(R+;L2(∂Lx, F )) solving (∂r + B)s = 0. Then, from a
straightforward omputation ∂r(V s)j(λ, t) = −λ(V s)j(λ, r). That's to say, all the L2 solutions
of D+ = 0 under the representation V on the ylinder are zero λ ≤ 0, µj(λ)a.e. for every j.
Deompose, for xed a > 0
L2(∂Lx × R+;F ) = L2(R+;HB([−a, a]))⊕ L2(R+,HB(R \ [−a, a])) (10)
where the notation is HB(∆) for the range of the spetral projetion assoiated to χ∆. Let
Π≤a and Π>a respetively be the hortogonal projetions orresponding to (10). Let χ{0}(D+x )
be the L2 projetion on the kernel. There is a omposition Πa := Π≤a ◦ (·)|∂Lx×R+ ◦χ{0}(D+x )
dened through L2(Lx) // KerL2(D
+
x )
// L2(∂Lx × R+) // L2(R+;HB([−a, a])).
With the BrowderGarding expansion one an see that the elements ξ belonging to the spae
ΠaL2(Lx) are of the form
ξ = χ(0,∞)(λ)e
−λtζ0 (11)
with ζ0 = ζ0j ∈ H∞(∂Lx;F ) to be univoally determined using boundary onditions. Formula
(11) allows to dene
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the "boundary datas" mapping BD : ΠaL2(Lx;F ) −→ HB((0, a]),
W−1(χ(0,a](λ)ζ0e−λt) 7−→W−1(χ(0,a](λ)ζ0). This is ontinuous and injetive in fat injetiv-
ity is obvious while ontinuity follows at one from the simple estimate [29℄
‖ξ‖L2(∂Lx×R+) = 1/(2a)‖χ[−a,a]ζ0‖HB . (12)
Now hoose an orthonormal basis sm = fm⊗gm ∈ L2(∂Lx×R+, F ) and a boundary ompat
set A ⊂ ∂Lx, then put χA = χA×(0,∞)(x, r). Consider the operator χAΠaχA ating on
L2(Lx;F ). Notie that Π
a
ats on sm via the natural embedding L
2(∂Lx) ⊂ L2(Lx) then
tr(χAΠ
aχA) =
∑
m
〈χAΠaχAsm, sm〉L2(∂Lx×R+). (13)
Write BD[ΠaχAsm] = W
−1[χ(0,a](λ)ζ
(m)
0 ] hene [Π
aχAsm] = χ(0,a](λ)ζ
(m)
0 e
−λt. The se-
quene χ(0,a]ζ
(m)
0 is bounded by (12). Then (13) beomes
tr(χAΠ
aχA) =
∑
m
∫
R+
∫
R×N
χ(0,a](λ)ζ
(m)
0 e
−λt
{
W (χAsm)
}
dµ(λ)dt (14)
where µ is the diret sum of the µj 's. The Last term of equation above an be seen to be
equal to
W (χAsm)W (χAfm ⊗ gm) = V (χA(x)fm(x))gm(t)
but this an be estimated, using CauhyShwartz and the simple trik e−(λ−a)e−a = e−λ by
∑
m
C
{∫
R×N
χ(0,a]|V (χAfm)|2dµ(λ)dr
}1/2
≤ C
∑
m
〈χAHB((0, a])χAfm, fm〉.
Finally this is equal to Ctr(χAHB((0, a])χA) <∞, In fat HB((0, a]) is a spetral projetion
of B hene is uniformly smoothing by ellipti regularity.
5
this is learly inspired by Melrose denition [19℄ Chapter 6
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Let us now pass to examine the operatorΠa := Π≥a◦(·)|∂Lx×R+◦χ{0}(D+x ) dened by the om-
position L2(Lx) // KerL2(D
+
x )
// L2(∂Lx × R+) // L2(R+;HB(R \ [−a, a])) aris-
ing from the seond addendum of the splitting (10). Let ϕk be the harateristi funtion of
r ≤ k and Λk := Π≥a ◦ ϕk ◦ (·)|∂x×R+ ◦ χ{0}(D+x ). Now
‖(Πa − Λk)ξ‖ = ‖Π≥a(ϕk − 1)(·)|∂Lx×R+χ{0}(D+x )ξ‖L2(∂Lx×R+)
=
∫ ∞
k
∫
(a,∞)×N
e−2λr|ζ0|2dµ(λ)dt ≤ e−2ak‖ξ‖L2(∂Lx×R+). (15)
Finally hoose a ompat A ⊂ ∂Lx, estimate (15) shows that Sk := χAΛkχA onverges
uniformly to χAΠaχA . Observe that Sk is ompat by Rellih theorem and regularity
theory in fat Π
Ker(T+) is obtained by funtional alulus from a rapid Borel funtion hene
has a uniformly smoothing Shwartzkernel. Sine χA×ΛkΠ>aΠKer(T+)χA× is normlimit of
ompat operators is ompat and a ompat projetion is nite rank. 2
5.2 BreuerFredholm perturbation
Our main appliation of the splitting priniple is the onstrution of a ΛBreuer Fredholm
perturbation of the leafwise Dira operator. Reall the notations; Xk := {r ≤ k}, Zk := {r ≥
k}. Let θ be a smooth funtion satisfying θ = θ(r) = r on Z1 while θ(r) = 0 on X1/2, put
θ˙ = dθ/dr. Let Πǫ := χIǫ(D
F∂ ) for Iǫ := (−ǫ, 0)∪ (0, ǫ). Our perturbation will be the leafwise
operator
Dǫ,u := D + θ˙Ω(u−DF∂Πǫ) for ǫ > 0, u ∈ R. (16)
We write Dǫ,u = D
+
ǫ,u ⊕D−ǫ,u and Dǫ,u,x for its restrition to Lx, also for brevity Dǫ,0 := Dǫ.
Notie that the perturbed boundary operator is
DF∂ǫ,u = D
F∂ (1−Πǫ) + u = DF∂ǫ,0 + u. (17)
Sine for ǫ > 0, 0 is an isolated point in the spetrum of DF∂ǫ,0 we see that D
F∂
ǫ,u is invertible
for 0 < |u| < ǫ. For further appliation let us ompute the essential spetrum of
Bǫ,u = D+Ω(u−DF∂Πǫ) on the foliated ylinder Z0 with produt foliation F∂×R. Sine we
deal with produt struture operators we an surely think the Von Neumann algebra beomes
EndΛ0(E) ⊗ B(L2(R)) where EndΛ0(E) is the Von Neumann algebra of the base i.e. the
foliation indued on the transversal X0×{0}. The integration proess shows that the trae is
nothing but trΛ = trΛ0 ⊗ tr where the seond fator is the anonial trae on B(L2(R)). We
an write
B2ǫ,u =
(
0 −∂r + u+DF∂ (1−Πǫ)
∂r + u+D
F∂ (1−Πǫ) 0
)2
= −∂2r Id+V 2. (18)
Consider the spetral measure µΛ0,V 2 of V
2
on the transversal setion X0 × {0}. We laim
the following fats
1. ω := inf supp(µΛ0,V 2) > 0
2. µΛ,B2ǫ,u(a, b) =∞, 0 ≤ a < b, ω < b
3. µΛ,B2ǫ,u(a, b) = 0, 0 ≤ a < b ≤ ω.
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First of all 1. is immediately proven sine (17) together with (18) implies the inlusion
spec(DF∂ǫ,u)
2 ⊂ [(ǫ+u)2,∞). To prove 2. one rst uses the Fourier transform in the ylindrial
diretion. This gives a spetral representation of −∂2r as the multipliation by y2 on L2(R).
Choose some γ < (b− ω)/2. We an prove the following inlusion for the spetral projetions
χ(a,γ+ω)(V
2)⊗ χ(0,γ)(−∂2r ) ⊂ χ(a,b)(B2ǫ,u). (19)
In fat one an also use a (leafwise) spetral representation for V as the multipliation operator
by x. Then (19) is redued to prove the impliation
a < x2 < γ + ω, 0 < y2 < γ ⇒ a < x2 + y2 < b.
From (19) it follows µΛ,B2ǫ,u(a, b) ≥ µΛ0,V 2(a, γ + ω) · trB(L2(R)) χ(0,γ)(−∂2r ) = ∞ in fat the
rst fator is non zero and the seond is learly innite. Finally the third statement is very
similar in the proof. We have shown that specΛ,e(B
2
ǫ,u) = [ω,∞), then
Proposition 5.8  The operator Dǫ,u is ΛBreuerFredholm if 0 < |u| < ǫ.
Next we shall investigate the relations between the BreuerFredholm index of the perturbed
operator and the L2index of the unperturbed Dira operator. To this end we shall make use
of weighted L2spaes as in the work of Melrose [19℄.
Definition 5.9  For u ∈ R, denote euθL2 the Borel eld of Hilbert spaes (with obvious
Borel struture given by L2) {euθL2(Lx;E)}x where, for x ∈ X , euθL2(Lx;E) is the spae of
distributional setions w suh that e−uθω ∈ L2(Lx;E). Analog denition for weighted Sobolev
spaes euθHk an be written.
Notie that euθL2(Lx;E) = L
2(Lx;E, e
−2uθdg|Lx) where dg is the leafwise Riemannian den-
sity so these Hilbert elds orrespond to the right representation of R with the longitudinal
measure x ∈ X 7−→ e−2uθdg|Lx = r∗(e−2uθdg) (transverse funtion, in the language of the
non ommutative integration theory [12℄). The operators D and its perturbation Dǫ,u extend
to a eld of unbounded operators euθL2 −→ euθL2 with domain euθH1. Put
e∞θL2x :=
⋃
δ>0
eδθL2x.
In what follows we will use, for brevity the following notation: ∂Lx := Lx ∩ (∂X0 × {0}) and
Zx := ∂Lx × [0,∞) for the ylindrial end of the leaf Lx.
For a smooth setion s± suh that D±ǫ,u,xs
± = 0 we have (D±ǫ,u,x)|∂Lx×R+(s
±)|∂Lx×R+ = 0 that
an be easily seen hoosing smooth rfuntions φ, ψ with φX0 = 1, ψZ1/4 = 1, supp(ψ ⊂ Z1/8)
and evaluating [D±ǫ,u,x(φ(1 − ψ)s+ φψs) = 0]|∂Lx×R+ .
The isomorphism W dened in the proof of niteness property for the kernel projetion, an
be dened also as an isomorphism euθL2(∂Lx × R+, F ) ≃ HB ⊗ euθL2(R+) in a way that
solutions of D±ǫ,u,xs
± = 0 with onditions s± ∈ e∞θ ∩ L2x an be represented as solutions of
[±∂r + λ+ θ˙(r)(u − χǫ(λ)λ)]Ws± = 0 with χǫ(λ) = χ(−ǫ,0)∪(ǫ,0)(λ) ating as a multiplier on⊕
j L
2(R, µj). In partiular (forgetting for brevity the restrition symbol)
Ws± = ζ±j (λ) exp{∓uθ(r)∓ λ[r − θ(r)χǫ(λ)]} (20)
with suitable hoosen ζ±j (λ) ∈ L2(µj).
Proposition 5.10  Let ǫ > δ > 0 and δ′ ∈ R then
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1. ξ ∈ Kereδ′θL2(D+x ) Z=⇒ ξZx = e−rD
F∂
x h with h ∈ χ(DF∂x )(−δ′,∞)L2x.
2. ξ ∈ KerL2(D+ǫ,x) Z=⇒ ξZx = e−rD
F∂
x +θ(r)D
F∂
x Πǫ,xh, with h ∈ χ(DF∂x )(ǫ,∞)L2x
3. ξ ∈ KereδθL2(D+ǫ,x) Z=⇒ ξ|Zx = e−rD
F∂
x +θ(r)D
F∂
x Πǫ,xh, with h ∈ χ(DF∂x )(−ǫ,∞)L2x,
reall that Πǫ,x = χ(−ǫ,ǫ)−{0}(DF∂x ). Moreover the following identity (as elds of operators) holds
true
D±e∓θ(r)D
F∂Πǫ = e∓θ(r)D
F∂ΠǫD±ǫ .
Proof
1. from the representation formula (20) of formal solutions for u = 0, ǫ = 0 it remains
ξ = ξj(λ)e
−λr
. Then e−δ
′θξ must be square integrable hene
ξj(λ) = hj(λ) ∈ χ(−δ′,∞)(DF∂x ). The remaining points are proved in a very similar way. The
last statement is merely a omputation. 2
Solutions of D±ǫ,xs
± = 0 belonging to the spae
⋂
u>0 e
uθL2(Lx;E
±) are alled L2extended
solutions, in symbols Ext(D±ǫ,x).
Proposition 5.11  For every x ∈ X and 0 < u < ǫ
1. KerL2(D
±
ǫ,x) = Kere−uθL2(D
±
ǫ,x) = KerL2(D
±
ǫ,∓u,x) (21)
2. Ext(D±ǫ,x) = KereuθL2(D
±
ǫ,x) = KerL2(D
±
ǫ,±u,x). (22)
3. KerL2(D
±
ǫ,x) ⊂ Ext(D±ǫ,x) (23)
Proof We show only the rst equality of (21) the others being very similar. This is a
simple appliation of equation (20). In fat, for u = 0, Ws± = ζ±j (λ) exp{∓λ[r − θ(r)χǫ(λ)]}.
The ondition of being square integrable in (R, µj)⊗ (R+, dr) is easily seen to be equivalent
to ζ+j (λ) = 0 λ < ǫ, λa.e and ζ
−
j (λ) = 0 λ > −ǫ. In partiular for r ≥ 1 Ws± =
ζ±j (λ)e
∓λrχ±λ≥ǫ(λ) then euθs± ∈ L2 if u < ǫ. For the reverse inlusion the proof is the
same. For the third stament note that euθL2 ⊂ evθL2 for every u, v ∈ R with u ≤ v then
KerL2 ⊂ Ext. 2
Proposition 5.11 shows that the mapping x 7−→ Ext(D±ǫ,x) gives a Borel eld of losed sub-
spaes of L2. No dierene in notation between the spae Ext and Ker and the orresponding
projetion in the Von Neumann algebra will be done in the future. Inlusion (23) together
with 5.8 and the niteness property of the L2kernel projetion nally says that the dierene
h±Λ,ǫ = dimΛ(Ext(D
±
ǫ ))− dimΛ(KerL2(D±ǫ )) = trΛ(Ext(D±ǫ ))− trΛ(KerL2(D±ǫ )) ∈ R (24)
is a nite number.
Lemma 5.12  For ǫ > 0
1. dimΛKerL2(D
±
ǫ ) = limu↓0 dimΛKerL2(D
±
ǫ,∓u) = limu↓0 dimΛKerL2(D
±
ǫ,±u)− h±Λ,ǫ,
2. IndL2,Λ(D
+
ǫ ) = limu↓0 IndΛ(D
+
ǫ,u)− h+Λ,ǫ = limu↓0 IndΛ(D+ǫ,−u) + h−Λ,ǫ
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Proof Nothing to prove here, proposition 5.11 says that the inlusion is onstant for u
suiently small, the seond one in the statement follows from the rst by summation. 2
Now dene the extended solutions Ext(D±x ) in the same way i.e. distributional solution of the
dierential operator D±x : C
∞
c (Lx;E
±) −→ C∞c (E∓;E) belonging to eah weighted L2spae
with positive weights,
Ext(D±x ) =
⋂
u>0
KereuθL2(D
±) = {s ∈ C−∞(Lx;E±); D±s = 0; e−uθs ∈ L2 ∀u > 0}.
Here we have made use of the longitudinal Riemannian density to to identify setions with
setions with values densities and the Hermitian metri on E, in a way that one has the
isomorphism C−∞(Lx;E±) ≃ C∞c (Lx; (E±)∗ ⊗ Ω(Lx))∗ to simplify the notation.
It is lear by standard ellipti regularity that the extended solutions of D± are smooth on eah
leaf. In fat D± a rst order dierential ellipti operator and one an onstrut a parametrix
i.e. an inverse of D± modulo a smoothing operator. An operator that sends eah Sobolev
spae onto eah other (of the new, weighted metri of orse).
By denition Ext(D±) ⊂ euθL2 for every u > 0, dene dim(u)Λ (Ext) as the trae in EndΛ(euθL2)
of the projetion on the losure of Ext, now we must hek that under the natural inlusion
euθL2 ⊂ eu′θL2 (u < u′) these dimensions are preserved. This is done at one in fat the
inlusion Ext(D±) ⊂ euθL2 →֒ Ext(D±) ⊂ eu′θL2 is bounded and extends to a bounded
mapping Ext(D±)
euθL2 −→ Ext(D±)e
u′θL2
with dense range. Now the unitary part of its
polar deomposition is an unitary isomorphism then the Λ dimensions are preserved by the
essential property of formal dimension stating that if the spae of homomorphisms of two
random Hilbert spaes ointaines an invertible element then the dimensions are the same [12℄.
Definition 5.13  The Λdimension of the spae of extended solution is
dimΛ Ext(D
±) := dimΛ Ext(D±)
euθL2
for some u > 0.
Proposition 5.14 
1. limǫ↓0 dimΛKerL2(D±ǫ ) = dimΛKerL2(D
±)
2. limǫ↓0 IndL2,ΛD+ǫ = IndL2,ΛD
+
3. limǫ↓0 dimΛ Ext(D±ǫ ) = dimΛ Ext(D
±)
Proof 1. let ξ ∈ KerL2(D+ǫ,x) thanks to Proposition 5.10 we an represent
ξ|Zx = e
−rDF∂x +θ(r)DF∂x Π−ǫ,xh, h ∈ χ(ǫ,∞)(DF∂x ). From Πǫ,xh = 0 we get
D+x ξ|Zx = (D
+
ǫ,x + θ(r)D
F∂
x Πǫ,x)ξ|Zx = θ(r)D
F∂
x Πǫ,x(e
−rDF∂x +θ(r)DF∂x Πǫ,xh) = 0 meaning that
KerL2(D
+
ǫ,x) ⊂ KerL2(D+). Moreover
D+ǫ (KerL2(D
+)) = θ˙DF∂x Πǫ,x(KerL2(D
+) ⊂ −θ˙DF∂x e−rD
F∂
x χ(−ǫ,ǫ)(DF∂x )(L
2(∂Lx ⊗ L2(R+)).
Note that learly dimΛ
[
θ˙DF∂x e
−rDF∂x χ(−ǫ,ǫ)(DF∂x )(L
2(∂Lx ⊗ L2(R+))
]
−→ǫ→0 0 by the nor-
mality of the trae. Then the family of operators D+ǫ |KerL2(D+) : KerL2(D
+) −→ L2 has
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kernel KerL2(D
+
ǫ,x) and range with Λ dimension going to zero. 1. follows by looking at an
orthogonal deomposition KerL2(D
+) = KerL2(D
+
ǫ )⊕KerL2(D+)/KerL2(D+ǫ ).
2. follows immediately from 1.
3. onsider the following ommutative diagram
KereδθL2(D
+) //
Ψ+ǫ
((RR
R
R
R
R
R
R
R
R
R
R
R
Kere(δ+ǫ)θL2(D
+)
KereδθL2(D
+
ǫ )
Ψ−ǫ
OO
whereΨ±ǫ = e
±θΠǫDF∂
. It is easily seen thanks to the representation of solutions in proposition
5.10 that eah arrow is injetive and bounded with respet to the inlusions
eδθL2 →֒ e(δ+2ǫ)θL2 →֒ e(δ+ǫ)θL2. Then adding to the right of the above diagram the olumn
e(δ+2ε)θL2 −→ e(δ+ε)θL2 one gets a new diagram. This last olumn an be used to measure
dimensions. The inequality
dimΛKereδθL2(D
+) ≤ dimΛKereδθL2(D+ǫ ) ≤ dimΛKere(δ+ǫ)θL2(D+)
follows and prove immediately 3.. 2
6 Cylindrial nite propagation speed and
CheegerGromovTaylor type estimates.
6.1 The standard ase
A very important property of the Dira operator on a manifold of bounded geometry X is
nite propagation speed for the assoiated wave equation. Let P ∈ UDiff1(X,E) uniformly
ellipti rst order (formally) selfadjoint operator. The diusion speed of P in x is the norm
of the prinipal symbol supv∈S∗x |σpr(P )(x)| (S∗x is the bre of osphere bundle at x). Taking
the supremum on x in M one gets the maximal diusion speed c = c(P ).
We say that an operator has nite propagation speed if its maximal diusion speed is nite.
Generalized Dira operator assoiated to bounded geometry datas (manifold and Cliord
struture) has nite propagation speed in fat its prinipal symbol is Cliord multipliation.
Now an appliation of the spetral theorem shows that for every initial data ξ0 ∈ C∞c (X,E)
there is a unique solution t 7→ ξ(t) of the Cauhy problem for the wave equation assoiated
with P {
∂ξ/∂t− iP ξ = 0,
ξ(0) = ξ0,
(25)
This solution is given by the appliation of the one parameter group of unitaries ξ(t) = eitP ξ0.
By the Stone theorem the domain of P is invariant under eah unitary eitP and eitP is bounded
from eah Sobolev spae Hs into itself. In partiular the domain of P is invariant under eah
unitary eitP .
Lemma 6.15  For θ suitably small and x ∈ M , ‖ξ(t)‖L2B(x,θ−ct) is dereasing in t. In
partiular supp(ξ0) ⊂ B(x, r) Z=⇒ supp(eitP ξ0) ⊂ B(x, r + ct).
The proof is in J. Roe's book [26℄ Prop. 5.5 and lemma 5.1.. First one proves that for a small
geodesi ball of radius r the funtion ‖eitP ξ0‖L2(B(x,r−ct)) is dereasing. This is alled the
energy estimate; then the seond step follows easily.
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For operators with nite propagation speed one has the representation formula in terms of
the inverse Fourier transform
f(P ) =
∫
R
fˆ(t)eitP dt/2π. (26)
The integral onverges in the weak operator topology, namely 〈f(P )x, y〉 = ∫ fˆ(t)〈eitP x, y〉dt/2π,
for every x, y ∈ L2(X ;E). If X = S1 this is just Poisson summation formula.
Now formula (26) leads us to an easy method to obtain pointwise extimates of the Shwartz
kernel [f(P )] for a lass Shwartz funtion f . In fat due to the elliptiity of P , f(P ) is a
uniformly smoothing operator and [f(P )] ∈ UC∞(X ×X ; End(E)).
Proposition 6.16  Take some setion ξ ∈ L2(X ;E) supported into a geodesi ball B(x, r)
then the following estimate holds true
‖f(P )ξ‖L2(X−B(x,R)) ≤ (2π)−1/2‖ξ‖L2(X)
∫
R−IR
|fˆ(s)|ds, (27)
where
IR := (− r−Rc , r−Rc ) with the onvention that IR = ∅ if R ≤ r.
Proof See [29℄ 2
So the point of view is the following;
1. Mapping properties of f(D) will lead to pointwise estimates on the Shwartz kernel of f(D)
[10℄. More preisely; start with a ompatly supported setion s, suppose we an extimate the
L2 norm of the image f(D)s on a small ball B at some distane d from the support, then by
ellipti regularity (Gärding inequality) and Sobolev embeddings we an extimate the kernel
[f(D)] pointwisely.
2. This L2 norm, ‖f(D)s‖L2(B) is extimated in terms of the L1 norm of the Fourier transform
‖fˆ‖L1(R). As d inreases we an ut large and large intervals around zero in R. This means
that the relevant norm beomes ‖fˆ‖L1(R−Id) where Id is an interval ontaining zero. The
limit ase of this phenomenon says that spetral funtions made by funtions with ompatly
supported Fourier transforms will produe properly supported operators i.e. operators whose
kernel lies within a δneighborhood of the diagonal. For an appliation of nite propagation
speed in Foliations one an look at the paper [27℄ where is showen that spetral funtions
f(D) where f has ompatly supported Fourier transform belong to the C∗algebra of the
foliation. Estimate (27) is the starting point. In the following proposition pointwise estimates
on the Shwartz kernel are worked out from this mapping properties. This is a very rough
version of the ideas ontained in [10℄. A omplete proof in [29℄.
Proposition 6.17  Let r1 > 0 suiently small, x, y ∈ X put
R(x, y) := max{0, d(x, y)− r1}
and n¯ := [n/2+1], n = dimX , I(x, y) := (−R(x, y)/c,R(x, y)/c). For a Shwartz lass funtion
f ∈ S(R) ∣∣∣∇lx∇ky [f(P )](x,y)∣∣∣ ≤ C(P, l, k, r1) 2n¯+l+k∑
j=0
∫
R−I(x,y)
∣∣∣fˆ (j)(s)∣∣∣ds. (28)
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In the speial ase of the heat kernel [f(P )] = [e−tP
2
] when f(x) = e−tx
2
, fˆ(s) = (2t)−1/2e−s
2/4t
,
one an use the Hermite polynomials to write the derivatives of fˆ . this leads to the well known
estimates
|∇lx∇ky [Pme−tP
2
](x,y)| ≤
{
C(k, l,m, P )t−m/2e−R2/6c2t, t > T
C(k, l,m, P )eR2/6c2t, d(x, y) > 2r1
t ∈ R+. (29)
There's also a relative version of Proposition 6.17 in whih two dierential, formally self
adjoint uniformly ellipti operators P1 and P2 are onsidered. More preisely relative means
that P1 ats on E1 −→ X1 and P2 ats on E2 −→ X2 with open sets U1 ⊂ X1, U2 ⊂ X2
and isometries ϕ : U1 −→ U2 and Φ : E1|U1 −→ E2|U2 with Φ ◦ ϕ = ϕ ◦ Φ making possible to
identify P1 with P2 upon U = U1 = U2 i.e. Φ(P1s) = P2(Φs), s ∈ C∞c (U1;E1) where Φ is
again used to denote the indued mapping on setions
Φ : C∞c (U1;E1) −→ C∞c (U2;E2), (Φs)(y) := Φϕ−1(y)s(ϕ−1(y)). Thanks to the identiation
one alls P = P1 = P2 over U . Then the relative version of the estimate (28) is ontained in
the following proposition.
Proposition 6.18  Choose r2 > 0 and let x, y be in U . Set J(x, y) :=
(−Q(x, y)
c
,
Q(x, y)
c
)
where Q(x, y) := max{min{d(x, ∂U); d(y, ∂U)}−r2; 0}. For a lass Shwartz funtion f ∈ S(R),
|∇lx∇ky([f(P1)]− [f(P2)])(x,y)| ≤ C(P1, k, l, r2)
2n¯+l+k∑
j=0
∫
R−J(x,y)
|fˆ (j)(s)|ds.
More preisely the reason of the dependene of the onstant only to P1 is that it depends upon
P1|U where the operators oinide.
Proposition 6.19  The relative version of (29) is
|∇lx∇ky([Pm1 e−tP
2
1 ]− [Pm2 e−tP
2
2 ])(x,y)| ≤
{
C(k, l,m, P1)t−m/2e−Q(x,y)2/6c2t, t > T
C(k, l,m, P1)e−Q(x,y)2/6c2t, t > 0
for x, y ∈ U , d(x, ∂U), d(y, ∂U) > r2.
6.2 The ylindrial ase
In this setion our manifold L will be the generi leaf of the foliation i.e. start with a manifold
with bounded geometry L0 with boundary ∂L0 omposed of possibly innite onneted om-
ponents and a produt type Riemannian metri near the boundary. Glue an innite ylinder
Z0 = ∂L0× [0,∞) with produt metri and denote L := L0 ∪∂L0 Z0. Let E −→ L be an Her-
mitian Cliord bundle. Every notation of setion 2 is keeped on. Reall that E|Z0 = F ⊕ F .
Definition 6.20  We say that a rst order uniformly ellipti (formally) selfadjoint operator
T ∈ Op1(L;E) has produt struture if
1. T restrits to L0 and Z0 i.e. supp(Ts) ⊂ L0(Z0) if s is supported on L0 (Z0).
2. T|L0 is a uniformly ellipti dierential operator.
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3. T restrits to the ylinder to have the form
T|Z0 = c(∂r)∂r +ΩB(r) =
(
0 B(r) − ∂r
B(r) + ∂(r) 0
)
for a smooth mapping B : R+ −→ Op1(∂L0;E) with values on the subspae of uniformly
ellipti and selfadjoint operators. Furthermore suppose that B(r) ∼= B is onstant for r ≥ 2.
However this is only a model embraing our BreuerFredholm perturbation of the Dira
operator in fat
(Dǫ,u,x)|∂x×R+ = c(∂r)∂r +Ω(θ˙u− θ˙DF∂Πǫ +DF∂ )︸ ︷︷ ︸
B(r)
. (30)
In this sense every result from here to the end of the setion has to be thought applied to
Dǫ,u.
Some words about the smoothness ondition on the mapping B. Here we shall make use
only of pseudodierential operators with uniformly bounded symbols, (almost everywhere
they will be smoothing operators) hene the smoothness ondition of the family is the usual
one. In partiular this is the smoothness of the family of operators ating on the bers of
∂L0 × R+ −→ R+, B(t) ∈ Op1(∂L0 × {t};E). If U is a oordinate set for ∂L0 suh a family
is determined by a smooth mapping p : R+ −→ S1hom(U) in the spae of polihomogeneous
symbols. Here smooth means that eah derivative t 7−→ dkσ/dtk is ontinuous as a mapping
with values in the spae of symbols (with the symbols topology, see [30℄) Again the spetral
theorem shows that for a ompatly supported setion ξ0 ∈ C∞c (L;E) there is a unique
solution t 7→ ξ(t) of the Cauhy problem (25) for the wave equation assoiated with T . This
solution is given by the appliation of the wave one parameter group eitT with the same
properties written above in the standard ase.
Proposition 6.21  Cylindrial nite propagation speed. Let U = ∂L0 × (a, b)
0 < a < b and B(U, l) = {x ∈ L : d(x, U) < l}. For ξ0 ∈ C∞c (L;E) let ξ(t) = eitT ξ0 the
solution of the wave equation. If α < a the funtion ‖ξ(t)‖L2(B(U,α−t)) is not inreasing in t. In
partiular supp(ξ0) ⊂ U Z=⇒ supp(ξ(t)) ⊂ B(U, t).
Proof The produt struture of the operator makes us possible to repeat the standard
proof of the energy estimates and nite propagation speed. The proof onsist in showing
that d/dt‖ξ(t)‖2L2(B(U,α−t)) ≤ 0. Everything works beause T has produt struture, the
integration domain is a produt and the operator B(t) is selfadjoint on the base. Notie also
that that ξ(t)|∂L0×{r} is in the domain of B(r) by the theorem of Stone [25℄ (however it is
ertainly true for operators in the form of our perturbation (30)). 2
As a notation for a subset H ⊂ L and t ≥ 0 put H ∗ t := B(H, t)∪ ∂L0 × (α− t, β + t) where
α := inf{r(z) : z ∈ H ∩ Z0} and β := max{r(z) : z ∈ H ∩ Z0} in other words H ∗ t is the set
of points at distane t from H in the ylindrial diretion.
It is lear from (6.21) the inlusion
supp(eitT ξ) ⊂ supp(ξ) ∗ |t|.
Then the ylindrial basi CheegerGromovTaylor estimate similar to (27) is obtained noting
that proposition 6.21 is ertainly true if the propagation speed is c, for a setion ξ supported
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into a ball B(x, r0) and f ∈ S(R) let IR := (−(R− r0)/c, (R− r0)/c) if R > r0 and IR = ∅ if
r ≤ R then,
‖f(P )ξ‖L2(L−B(x,r0)∗R) =
∥∥∥(2π)−1/2 ∫
R
fˆ(s)eisP ξds
∥∥∥
L2(L−B(x,r0)∗R)
≤ (2π)−1/2‖ξ‖L2(L)‖fˆ‖L1(R−IR),
sine supp eisP ξ ∩ (L−B ∗R) = ∅ for |t| < (R − r0)/c.
Proposition 6.22  Choose two points on the ylinder z1 = (x1, s1) and z2 = (x2, s2) with
si > r1, |s1 − s2| > 2r1, put I(z1, z2) :=
(
− |s1 − s2|+ r1
c
,
|s1 − s2| − r1
c
)
then for f ∈ S(R),
|∇lz1∇kz2 [f(P )](z1.z2)| ≤ C(P, l, k)
2n¯+l+k∑
j=0
∫
R−I(z1,z2)
|fˆ(s)(j)|ds
with n¯ := [n/2 + 1]
Proof The proof is idential to the proof of Proposition 3.9 in [29℄. There is only a
subtle point we need to rekle, it is when one let P j at on [f(P )](x,•). This is perfetly
granted by the smoothing properties of f(P ) in fat, let the bundle be L × R and identify
distributions with funtions through the Riemannian density. The operator f(P ) extends to
an operator from ompatly supported distributions to distributions (atually takes values
on smooth funtions). Consider the family of Dira masses δy(·) onentrated at y, rst note
that [f(P )](x,y) = (f(P )δy(·))(x) in fat this is, by selfadjointness, equivalent to
〈f(P )δy, s〉 = 〈δy, f(P )s〉 =
∫
[f(P )](z,y)t(z)dz.
Now the Sobolev embedding theorem says that δy ∈ Hk(X) with k < −n/2 with norms
uniformly bounded in y. Sine f(P ) maps every Sobolev spae into eah other Sobolev spae,
every setion [f(P )](x,•) (and the symmetri one by selfadjointness) is in the domain of P j .
2
Corollary 6.23  With the notations of the proposition above
1. If |s1 − s2| > 2r1, si > r1
|∇lz1∇kz2 [Pme−tP
2
](z1,z2)| ≤ C(k, l,m, P )e
−
(|s1 − s2| − r1)2
6t
(31)
2. Let ψ1, ψ2 ompatly supported with supports at rdistane d on the ylinder, then for the
operator norm
‖ψ1Pme−tP 2ψ2‖ ≤ C(m,ψ1, ψ2)e−d2/6t , t > 0. (32)
3. The relative version of (31) is
|∇lz1∇kz2 [Pme−tP
2 − Tme−tT 2 ](z1,z2)| ≤ C(k, l,m, P )e{−(min{s1,s2}−r2)
2/6t}. (33)
Proof The seond statement follows immediately from the rst one while the third an
be proven exatly as proposition 6.18. 2
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7 The eta invariant
7.1 The lassial eta invariant
The eta invariant of Atiyah Patodi and Singer appears for the rst time in the following
theorem that we write in the ylindrial ase.
Theorem 7.23  Let X a ompat manifold with boundary Y and produt type metri on a
ollar Y × [0, 1], attah an innite ylinder Y × [−∞, 0] to get the elonged manifold Xˆ:=X. Let
D : C∞(X ;E) −→ C∞(X ;F ) a rst order dierential ellipti operator with produt struture
near the boundary i.e. D = σ(∂u +A) where σE|Y −→ F|Y E is a bundle isomorphism, ∂u is the
normal interior oordinate and A is the boundary selfadjoint ellipti operator. Then the operator
D extends to setions of the bundles extended to Xˆ and has a nite L2 index given by the formula
ind(D) = dimL2(Xˆ,E)(D) − dimL2(Xˆ,E)(D∗) =
∫
X
α0(x)dx − η(0)/2− h∞(E)− h∞(F )
2
.
Here the defet number η(0), is alled the spetral asymmetry or the eta invariant of A and is
obtained as follows:
the summation on the non negative eigenvalues of A, η(s) :=
∑
λ6=0 sign(λ)|λ|−s onverges
absolutely for Re(s) >> 0 and extends to a meromorphi funtion on the whole splane with
regular value at s = 0. Moreover if the asymptoti expansion has no negative powers of t then
η(s) is holomorphi for Re(s) > −1/2. That's the ase of Dira type operators on Riemannian
manifolds.
7.2 The foliation ase
The existene of the eta invariant for the leafwise Dira operator on a losed foliated manifold
was shown by Peri [22℄ and Ramahandran [23℄. In fat they build dierent invariants, Peri
works with the holonomy groupoid of the foliation and Ramahandran with the equivalene
relation but the methods are essentially the same. So onsider a ompat manifold Y with a
foliation and a longitudinal Dira struture i.e. every geometrial struture needed to form a
longitudinal Diratype operator ating on the tangentially smooth setions of the bundle S,
D : C∞τ (Y ;S) −→ (Y ;S). In our index formula Y will be a transverse setion of the ylinder
suiently far from the ompat piee and D is the operator at innity. Suppose also that a
transverse holonomy invariant measure Λ is xed.
The passage from the summation η(s) =
∑
λ sign(λ)|λ|−s whih deals with the disrete spe-
trum to a ontinuous spetrum and family version is given by the denition of Euler gamma
funtion sign(λ)|λ|−s = 1
Γ( s+12 )
∫∞
0 t
s−1
2 λe−tλ
2
dt. Eah bounded Borel spetral funtion of D
belongs to the Von Neumann algebra of the foliation arising from the regular representation
of the equivalene relation on the Borel eld of L2(S). Replae the summation by integra-
tion w.r.t. the spetral measure of D and (formally) hange the integration to dene the eta
funtion of D as
ηΛ(D; s) :=
∫ ∞
−∞
sign(λ)|λ|−sdµD(λ) = 1
Γ( s+12 )
∫ ∞
0
t
s−1
2 trΛ(De
−tD2)dt. (34)
We shall use also the notation
ηΛ(D; s)k :=
∫ ∞
k
t
s−1
2 trΛ(De
−tD2)dt, ηΛ(D; s)k :=
∫ k
0
t
s−1
2 trΛ(De
−tD2)dt
23
Theorem 7.23  (Ramahandran) The eta funtion (34) is a well dened meromorphi
funtion for Re(s) ≤ 0 with eventually simple poles at (dimF −k)/2, k = 0, 1, 2, ..... It is regular
at 0 and the value ηΛ(D; 0) is alled the foliated eta invariant of D.
Proof We give a sketh of the proof sine we shall use it in our omputations for the eta
invariant of the perturbed Dira operator.
First step. Prove that for every s ∈ C with Re(s) ≤ 0 the integral ∫∞
1
t
s−1
2 trΛ(De
−tD2)dt
is onvergent; This is proven by simple estimates with the use of the spetral measure. In
partiular here the spetral measure µΛ,D is tempered i.e. there exists some positive l suh
that
∫ 1
(1 + |x|l)dµΛ,D < ∞. In fat this measure orresponds to a positive funtional [23℄
I : S(R) −→ R, I(f) = trΛ(f(D)). The same is obviously true for the square D2 = |D|2.
Seond step. The examination of the nite piee
∫ 1
0 t
s−1
2 trΛ(De
−tD2)dt is done using the
expansion of the Shwartz kernel of the leafwise operator De−tD
2
. One an prove that there
exists a family of tangentially smooth and loally omputable funtions {Ψm}m≥0 6 so that
the kernel Kt(x, y, n) (n the transverse parameter) of the leafwise bounded operator De
−tD2
has the asymptoti expansion
Kt(x, x, n) ∼
∑
m≥0
t(m−dimF−1)/2Ψm(x, n). (35)
Moreover Ψm = 0 for m even. The proof is an adaptation of the lassial situation [12℄. Now,
thanks to the expansion (35), sine the operator De−tD
2
is Λ trae lass and the trae is
the integral of the Shwartz kernel against the transverse measure we get the orresponding
expansion for the trae
1
Γ( s+12 )
∫ 1
0
t
s−1
2 trΛ(De
−tD2)dt ∼
∑
m≥0
2
s+m− dimF
∫
Y
Ψmdλ (36)
where
∫
Ψmdλ = Λ(Ψmdg) is the eet of the integration of the tangential measures x 7−→
Ψm|lx × dg|lx . From (36) we see that the eta funtion has a meromorphi ontinuation to the
whole plane with (at most) simple poles at (dimF − k)/2, k = 0, 1, 2, ....
Third step. Regularity at the origin. If p = dimF is even we have said that the oeients
Ψm of the development (35) are zero for m even, then the eta funtion is regular at 0. If p
is odd the regularity at zero follows from a very deep result of Bismut and Freed [5℄. In fat
they showed that the ordinary Dira operator satises a remarkable anellation property,
tr(De−tD
2
) = O(t1/2).
Sine the Λtrae an be, as pointed out by Connes [12℄, loally approximated by the regular
trae their result applies to our setting to give Kt(x, x, n) ∼
∑
m≥p+2 t
(m−p−1)/2Ψ(x, n)︸ ︷︷ ︸
almost everywhere
, and
the regularity at the origin follows immediately. 2
7.3 Eta invariant for perturbations of the Dira operator
Let us onsider slightly more general operators
6
in the ase of the holonomy groupoid the Ψm are loally bounded i.e. bounded on every set in the form
of r−1K for K ompat in Y
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1. P = D +K where K ∈ Op-∞ is leafwise uniformly smoothing obtained by funtional
alulus, K = f(D) where f is a bounded Borel funtion supported in (−a, a).
Start with the omputation
Qe−tQ
2 −De−tD2 = Ke−t(D+K)2 −D
∫ 1
0
e−s(D+K)
2
(KD +DK +K2)e(t−s)D
2
ds. (37)
The family (37) onverges to 0 as t → 0 in the Frehet topology of kernels in Op−∞ with
uniform transverse ontrol. Indeed for kernels K(x, y, n) (n is the transverse parameter) one
uses foliated harts to dene seminorms that involve derivatives w.r.t. x, y. From (37) one
gets the development
trΛ(Qe
−tQ2) ∼t→0
∑
m=0
t
m−dimF−1
2
∫
Y
ΨjdΛ + trΛ(K) + g(t) (38)
where g ∈ C[0,∞) with g(0) = 0. Then an asymptoti development for ηΛ(Q)(0)1 as (36)
follows.
2. The smooth family u 7−→ Qu := D +K + u.
The funtion trΛ(Que
−tQ2u) is smooth ( same idential proof as [29℄) then, sine Q
′
u = I,
∂u trΛ(Que
−tQ2u) = (1 + 2t∂t) trΛ(Q
′
ue
−tQ2u). By integration
∂uηΛ(Qu, s)1 =
∫ 1
0
t(s−1)/2
Γ( s+12 )
trΛ(Q
′
ue
−Q2u)− s
Γ( s+12 )
∫ 1
0
t(s−1)/2 trΛ(Q
′
ue
−tQ2u)dt. (39)
Now proeed as before using the asymptoti development of the heat kernel for D + u 7,
trΛ(Q
′
ue
−tQ2u) = trΛ(Q
′
ue
−tQ2u) ∼ ∑m≥0 am(D + u)t(m−dimF)/2 + g(t) where g ∈ C[0,∞),
g(0) = 0. We see that the integral in (39) admits a meromorphi expansion around zero in
C with zero as a pole of almost rst order. Then the derivative ∂uηΛ(Qu, s)1 is holomor-
phi around zero. The identity ∂uRes|s=0 ηΛ(Qu, s)1 = Res|s=0 ∂uηΛ(Qu, s)1 = 0 says that
Res|s=0 ηΛ(Qu, s)1 is onstant in u then the funtion ηΛ(Qu, s)1 is holomorphi at zero sine
ηΛ(Q0, s)1 is holomorphi in 0.
3. Families in the form Qu = D + u+ΠD for a spetral projetion Π = χ(−a,a)(D).
Proposition 7.24  The eta invariant for Qu exists and satises
ηΛ(Qu) = LIMδ→0
∫ 1
δ
t−1/2
γ(1/2)
trΛ(Que
−tQ2u)dt+
∫ ∞
1
t−1/2
γ(1/2)
trΛ(Que
−tQ2u)dt
where LIM is the onstant term in the asimptoti development in powers of δ as t→ 0. Moreover
for every u ∈ R and a > 0,
a. ηΛ(Qu)− ηΛ(Q0) = sign(u) trΛ(Π)
b. ηΛ(Q0) = 1/2ηΛ(Qu) + 1/2ηΛ(Q−u)
. |ηΛ(D)− ηΛ(Q0)| = |ηΛ(ΠD)| ≤ µΛ,D((−a, a)).
Proof The rst statement an be proved as above.
a. using the spetral measure we have to ompute the dierene∫ ∞
0
t−1/2
∫
R
(x+ u− χx)e−t(x+u−χx)2 − (x − χx)e−t(x−χx)2dµΛ,D(x) dt
Γ(1/2)
7(D + u)2 is a generalized Laplaian
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where χ = χ(−a,a)(x). Split the integral on R into two piees, |x| > a and |x| ≤ a.
First ase, |x| > a. Changing the integration order the rst integral is
Γ(1/2)−1
∫
|x|>a
∫∞
0 (x + u)t
−1/2e−t(x+u)
2
dtdµΛ,D(x) and performing the hange of variable
σ := t(x+u)2 in the seond we see that the dierene is zero. Seond ase |x| < a, the seond
integral is zero, the rst is∫ ∞
0
t−1/2
∫ a
−a
ue−tu
2
dµΛ,D(x)
dt
Γ(1/2)
=
∫ ∞
0
u|u|σ−1/2e−σ dσ|u|2︸ ︷︷ ︸
tu2=σ
trΛ(Π)
Γ(1/2)
= sign(u) trΛ(Π).
b. and . easily follow from a. 2
8 The index formula
This setion is devoted to the proof of the index formula. Computations that are not dierent
from that of [29℄ are omitted for brevity. First we introdue the supertrae notation. Sine
the bundle E = E+ ⊕ E− is Z2graded, there is a anonial Random operator τ obtained
by passing to the Λlass of the family of involutions τx :=
(
IdL2(Lx;E+) 0
0 − IdL2(Lx;E−)
)
.
Now the Λsupertrae of B ∈ EndΛ(E) is by denition strΛ(B) := trΛ(τB).
Now aording to proposition 5.8 for 0 < |u| < ǫ the perturbed operator Dǫ,u is ΛBreuer
Fredholm. Consider the heat operator e−tD
2
ǫ,u,x
on the leaf Lx. This is a uniformly smoothing
operator with a Shwartz kernel (remember that the metri trivializes densities and [•] means
Shwartz kernel) in the spae C∞setions that are bounded together with eah ovariant
derivative, [e−tD
2
ǫ,u,x ] ∈ UC∞(Lx × Lx; End(E)). It is a well know fat the onvergene for
t −→ ∞ in the Frehet spae of UC∞ setions to the kernel of the smoothing projetion on
the L2null spae,
lim
t→∞
[e−tD
2
ǫ,u,x ] = [χ{0}(Dǫ,u,x)].
This is a onsequene of the ontinuity of the funtional alulus from rapid deaying Borel
funtions into C∞ uniformly bounded setions, RB(R) −→ UC∞(End(E)) applied to the
sequene of funtions e−tλ
2 −→ χ{0} in RB(R). Choose uto funtions φk ∈ C∞c (X) suh
that φk |Xk = 1, φk |Zk+1 = 0. The measurable family of bounded operators {φke−tD
2
ǫ,u,xφk}x∈X
gives an intertwining operator φke
−tD2ǫ,uφk ∈ EndR(L2(E)) hene a random operator
φke
−tD2ǫ,uφk ∈ EndΛ(L2(E)).
Lemma 8.25  The random operator φke
−tD2ǫ,uφk ∈ EndΛ(L2(E)) is Λtrae lass. The
following formula (iterated limit) holds true
indΛ(D
+
ǫ,u) = strΛ(χ{0}(Dǫ,u)) = lim
k→∞
lim
t→∞ strΛ(φke
−tD2ǫ,uφk). (40)
Proof For the rst statement there's nothing to proof, it is essentially the losed foli-
ated manifold ase. The loal traes dene tangential measures that are C∞ in the diretion
of the leaves while Borel and uniformely bounded (by the uniform elliptiity of the oper-
ator) in the transverse diretion and we are integrating against the transverse measure on
a ompat set. More preisely we are evaluating the mass of a ompat set through the
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measure Λh where h is the longitudinal measure that on the leaf Lx is given by A 7−→∫
A strEnd(E)[e
−tD2ǫ,u ]diagdg|Lx , with strEnd(E) the pointwise supertrae dened on the spae
of setions of End(E) → X by (strEnd(E) γ)(x) := trend(Ex)(τ(x)γ(x)). The limit formula
(40) is nothing but the Lebesgue dominated onvergene theorem applied two times, rst
strΛ(χ{0}(Dǫ,u)) = limk→∞ strΛ(φkχ{0}(Dǫ,u)φk) but for xed k one nds
strΛ(φkχ{0}(Dǫ,u))φk) = lim
t→∞ strΛ(φke
−tD2ǫ,uφk).
The possibility to apply the dominated onvergene theorem is given again by the integration
proess in fat as written above every tangential measure has smooth density w.r.t to the
Riemannian metri and onvergene is within the Frehet topology of C∞ funtions.
2
Now, Duhamel formula d/dt strΛ(φke
−tD2ǫ,uφk) = − strΛ(φkD2ǫ,ue−tD
2
ǫ,uφk) integrated be-
tween s and ∞ leads to the identity
lim
t→∞
strΛ(φke
−tD2ǫ,uφk) = strΛ(φke−sD
2
ǫ,uφk)−
∫ ∞
s
strΛ(φkD
2
ǫ,ue
−tD2ǫ,uφk)dt.
Note that the righthand side is independent from s > 0. Then
indΛ(D
+
ǫ,u) = lim
k→∞
[
strΛ(φke
−sD2ǫ,uφk)−
∫ ∞
s
strΛ(φkD
2
ǫ,ue
−tD2ǫ,uφk)dt
]
. (41)
Split the integral into∫ ∞
s
strΛ(φkD
2
ǫ,ue
−tD2ǫ,uφk)dt =
∫ √k
s
strΛ(φkD
2
ǫ,ue
−tD2ǫ,uφk)dt+
∫ ∞
√
k
strΛ(φkD
2
ǫ,ue
−tD2ǫ,uφk)dt
and make the following denitions
α0(k, s) = strΛ(φke
−sD2ǫ,uφk), β0(k, s) =
∫∞
s strΛ(φkD
2
ǫ,ue
−tD2ǫ,uφk)dt
β01(k, s) =
∫√k
s
strΛ(φkD
2
ǫ,ue
−tD2ǫ,uφk)dt, β02(k, s) =
∫∞√
k
strΛ(φkD
2
ǫ,ue
−tD2ǫ,uφk)dt
Then β0(k, s) = β01(k, s) + β02(k, s) and
indΛ(D
+
ǫ,u) = lim
k→∞
[α0(k, s)− β0(k, s)] = [α0(k, s)− β01(k, s)− β02(k, s)]. (42)
Let us start with β01.
Lemma 8.26  Let ηΛ(D
F∂
ǫ,u) be the Ramahandran etainvariant for the perturbed operator
DF∂ǫ,u on the foliation at the innity. Then the following limit formula is true
lim
k→∞
LIMs→0 β01(k, s) = lim
k→∞
LIMs→0
∫ √k
s
strΛ(φkD
2
ǫ,ue
−tD2ǫ,uφk)ds,= 1/2ηΛ(DF∂ǫ,u)
where as usual LIMs→0 g(s) is the onstant term in the expansion of g(s) in powers of s near
zero.
Proof The integrand is strΛ(φkD
2
ǫ,ue
−tD2ǫ,uφk) = −1/2 strΛ(c(∂r)∂r(φ2k)Dǫ,ue−tD
2
ǫ,u). In
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the next we shall use the notation [a, b] := ab− (−1)|a|·|b|ba for the Liesuperbraket8 on the
Liesuperalgebra of Clinear endomorphisms of L2(X,E+ ⊕ E−) while, when the standard
braket is needed we write [a, b]◦ := ab − ba. Notie that [α, ab] = [α, a]b + (−1)|α|·|a|a[α, b].
Remember the denition of Dǫ,u, in the ylinder. It an be written
Dǫ,u = D + θ˙Ω(u−DF∂ǫ,u) = c(∂r)∂r +Q
with the Cliord multipliation c(∂r) =
(
0 −1
1 0
)
and Q is R+invariant in fat it ats on
the transverse setion. The next identities are also useful
Dǫ,u =
(
0 D−ǫ,u
D+ǫ,u 0
)
, e−tD
2
ǫ,u =
(
e−tD
−
ǫ,uD
+
ǫ,u 0
0 e−tD
+
ǫ,uD
−
ǫ,u
)
,
D−ǫ,ue
−tD+ǫ,uD−ǫ,u = e−tD
−
ǫ,uD
+
ǫ,uD−ǫ,u, D
+
ǫ,ue
−tD−ǫ,uD+ǫ,u = e−tD
+
ǫ,uD
−
ǫ,uD+ǫ,u.
These are nothing but a rephrasing of the identity Dǫ,ue
−tD2ǫ,u = e−tD
2
ǫ,uDǫ,u granted by
the spetral theorem. Now it's time to use the CheegerGromovTaylor relative estimates.
Consider the leafwise operator
Sǫ,u := c(∂r)∂r +Ω(u −DF∂ǫ,u) (43)
on the innite foliated ylinder (in both diretions) Y = ∂X0 × R with the produt foliation
F∂ × R. Choose some point z0 = (x0, r) on the ylinder. Estimate (33) says that we an
ompare the two kernels at the diagonal leaf by leaf for large r and this estimate is uniform
on the leaves,
‖[Dǫ,u,z0e−tD
2
ǫ,u,x0 ]− [Sǫ,u,z0e−tS
2
ǫ,u,z0 ]‖(z,z) ≤ Ce−(r−r2)
2/(6t)
(44)
for z = (x, r) ∈ Lz0 . From (44), sine the derivatives of φk are supported on the ylindrial
portion Zk+1k = ∂X0 × [k, k + 1],∫ √k
s
| strΛ(c(∂r)∂rφ2kDǫ,ue−tD
2
ǫ,u)− strΛ(c(∂r)∂rφ2kSǫ,ue−tS
2
ǫ,u)|dt =
∫ √k
s
∫
Zk+1k
Θ(z, t)dΛgdt
(45)
where Λg is the oupling of Λ with the tangential Riemannian measure and Θ(z, r) is the
funtion Θ(z, r) := ‖c(∂r)∂rφ2k[Dǫ,u,ze−tD
2
ǫ,u,z − Sǫ,u,ze−tS2ǫ,u,z ]‖(z,z). Let Tk be a transversal
of the foliation Fk indued on the slie {r = k} then Tk is also a transversal for F (the
boundary foliation has the same odimension of F). The transverse measure Λ denes also a
transverse measure on the boundary foliation. Then the foliation F|Zk+1k is bering on Tk as
in the diagram ∂F × [k, k+1] −→ Tk. Use this bration to disintegrate the measure Λg. This
is splitted into dΛ∂ × dr where Λ∂ is the measure obtained applying the integration proess
of Λ (restrited to Fk ) to the g|∂ . In loal oordinates (r, x1, ..., x2p−1) × (x2p, ..., xn) the
transversal is deomposed into piees Tk = {(k, x01, ..., x02p−1)} × {(x2p, ..., xn)} and we are
taking integrals∫
Tk×{x1,...,x2p−1}
∫
[k,k+1]
Θ(r, x1, ..., x2p−1, x2p, ..., xn)dr dx1 · · · dx2p−1dΛ(x2p, .., xn)︸ ︷︷ ︸
this is dΛ∂
(46)
=:
∫
Fk
∫
[k,k+1]
Θ(x, r)dΛ∂dr.
8
everything we say about superalgebras an be found in [4℄
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Equation (46) an be taken as a denition of a notation that will be used next. Notie that∫
Fk ontains a slight abuse of notation, in fat to follow rigorously the integration reipe one
should write
∫
∂X0×{k}. We prefer the rst to stress the fat that we are splitting w.r.t the
foliation indued on the transversal. With this notation in mind [29℄ the right hand side of
(45) is less than
∫ √k
s
∫
Fz
∫
[k,k+1]
‖c(∂r)∂rφ2k[Dǫ,ue−tD
2
ǫ,u − Sǫ,ue−tS2ǫ,u ]‖((x,r),(x,r))drdΛ∂dt
≤ C(e−k3/2/c1 + e−c2/s)
for suiently small
9 s and large k. This estimate says that
lim
k→+∞
LIMs→0 β01(k, s) = lim
k→+∞
LIMs→0
∫ √k
s
strΛ(c(∂r)∂rφ
2
kSǫ,ue
−tS2ǫ,u)dt.
Now the seond integral (on the ylinder) is expliitly omputable in fat the Shwartz kernel
of the operator Sǫ,u,z0e
−tS2ǫ,u,z0
on the diagonal is easily heked to be[
Sǫ,u,z0e
−tS2ǫ,u,z0
]
(z,z)
=
1√
4πt
Ω
[
DF∂ǫ,u,x0e
−tDF∂ǫ,u,x0
]
(x,x)
, z = (x, r).
In partiular it does not depend on the ylindrial oordinate r. Now the pointwise supertrae
on End(E) is related to the trae on the positive boundary eigenbundle F via the identity
(the proof in [4℄) strE(c(∂r)Ω•) = −2 trF (•), then∫ √k
s
strΛ(c(∂r)∂rφ
2
kSǫ,ue
−tS2ǫ,u)dt =
∫ √k
s
∫
F0
1√
πt
trF [DF∂ǫ,u,xe
−t(DF∂ǫ,u,x)2 ](x,x) · dΛ∂dt,
with the same argument on the splitting of measures as above. Finally it is lear from our
disussion on the ηinvariant (exatly proposition 7.24) that
limk→∞ LIMs→0 β01(k, s) = limk→∞ LIMs→0
∫ √k
s
∫
F0
1√
πt
trF [DF∂ǫ,u,xe
−t(DF∂ǫ,u,x)2 ](x,x) · dΛ∂dt
= 1/2ηΛ(D
F∂
ǫ,u). 2
Lemma 8.27  Sine Dǫ,u is ΛBreuerFredholm for 0 < |u| < ǫ then
lim
k→∞
β02(k, s) = lim
k→∞
∫ ∞
√
k
strΛ(φkD
2
ǫ,ue
−tD2ǫ,uφk)dt = 0.
Proof From the very denition of the Λessential spetrum there exists some positive
σ = σ(u) suh that the projetion Πσ = χ[−σ,σ](Dǫ,u) has nite Λtrae. Then, from the trik
e−D
2
ǫ,u = e−D
2
ǫ,u/2(1 −Πσ +Πσ)e−D2ǫ,u/2
|β02(k, s)| ≤
∫ ∞
√
k
e−(t−1)σ| strΛ(φkD2ǫ,ue−D
2
ǫ,uφk)|dt︸ ︷︷ ︸
β021(k,s)
+
∫ ∞
√
k
| strΛ(D2ǫ,ue−tD
2
ǫ,uΠσ)|dt︸ ︷︷ ︸
β022(k,s)
9 yse−ay
2
≤ (
s
2ae
)s/2 for s, u, y, a > 0
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Now the Shwartz kernel of (D2ǫ,ue
−D2ǫ,u)x is uniformly bounded in x and varies in a Borel
fashion transversally. When forming the Λsupertrae we are integrating a longitudinal mea-
sure with C∞density w.r.t. the longitudinal measure given by the Riemannian density. Let
as usual be Λg the measure given by the integration of the Riemannian longitudinal measure
with the transverse measure Λ. If A is a uniform bound on the leafwise Shwartz kernels of
(D2ǫ,ue
−D2ǫ,u), and T0 is a omplete transversal ontained in the normal setion of the ylinder
(the same of Lemma 8.26), we an extimate
β021(k, s) ≤
∫∞√
k A(Λg(X0) + Λ(T′)k)e−(t−1)σdt −→k→∞ 0.
For the seond addendum, hanging the order of integration dt→ dµΛ,Dǫ,u ,
β022(k, s) ≤ C
∫ σ
−σ
e−
√
kx2dµΛ,Dǫ,u (x) ≤ CµΛ,Dǫ,u (x)([−σ, σ]) −→k→∞ 0
sine the Λessential spetrum of Dǫ,u has a gap around zero and the normality property of
the trae. 2
It is time to update equation (42),
indΛ(D
+
ǫ,u) = lim
k→∞
[α0(k, s)− β0(k, s)] = lim
k→∞
LIMs→0 α0(k, s)− 1/2ηΛ(DF∂ǫ,u).
Lemma 8.28  There exists a funtion g(u) with limu→0 g(u) = 0 suh that for 0 < ǫ < u,
lim
k→∞
LIMs→0 α0(k, s) = lim
k→∞
LIMs→0 strΛ(φke−sD
2
ǫ,uφk) = 〈Â(X)Ch(E/S), CΛ〉+ g(u).
Here the leafwise harateristi form Â(X)Ch(E/S) is supported on X0, in partiular it belongs
to the domain of the RuelleSullivan urrent CΛ assoiated to the transverse measure Λ.
Proof This is the investigation of the behavior of the loal supertrae of the family of
the leafwise heat kernels strE [e−sD
2
ǫ,u ]| diag on the leafwise diagonals. We an do it dividing
into three separate ases
1. For z ∈ X0 everything goes as in the lassial omputation by Atiyah Bott and Patodi
[1℄ LIMs→0 strE [e−sD
2
ǫ,u,z ](x,x)dgz = Â(X,∇)Ch(E/S,∇)(x), where dgz is the Riemannian
density on the leaf Lz.
2. In the middle, z ∈ ∂X0 × [0, 4] there's the ause of the presene of the defet funtion
g(u), more preisely we show that the asymptoti development of the loal supertrae is the
same for the omparison operator S0,u dened above
strE([e−sD
2
ǫ,u,z ])(z,z) ≃
∑
j∈N
aj(S0,u)(z)s
(j−dimF)/2
with oeients aj(S0,u) smoothly depending on u satisfying aj(S0,u) = 0 for j ≤ dimF/2
3. Away from the base of the ylinder z = (y, r) ∈ Z r > 4 we nd [e−D2ǫ,u,z ](y,r) = 0.
Below the proofs of these fats.
1. We an onsider the doubled manifold 2X0 so that we an apply the relative estimate
of type CheegerGromovTaylor in the nonylindrial ase (the perturbation starts from the
ylinder). Proposition 6.19 shows that the two Shwartz kernels of the Dira operator and
the perturbed operator Dǫ,u have the same development as t → 0 The loal omputation
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of Atiyah Bott and Patodi, or the Getzler resaling ([19℄,[16℄) an be performed as in the
lassial situation.
2. We are going to use an argument of omparison with the leafwise operator
Sǫ,u := c(∂r)∂r+Ω(D
F∂ + θ˙(u−ΠǫDF∂ )) on the innite ylinder ∂X0×R equipped with the
produt foliation F∂ ×R. Notie that, due to the presene of θ˙ this is a slightly dierent form
of the operator (43). Choose some funtion ψ1 supported in ∂X0×[−1, 5] and ψ1|∂X0×[0,4] = 1.
The rst fat we show is lims→0 strΛ(ψ1(e−sS
2
ǫ,u − e−sS20,u)ψ1) = 0.
Now, Sǫ,u = S0,u − ΩΠǫDF∂ = c(∂r)∂r +H with H = ΩDF∂ +Ωθ˙u hene
S2ǫ,u − S20,u = −Φθ˙ΠǫDF∂ − 2(DF∂ + θ˙u)(θ˙ΠǫDF∂ ) + (Ωθ˙ΠǫDF∂ )2. (47)
Apply the Duhamel formula
| strΛ(ψ1(S2ǫ,u − S20,u)ψ1| =
∣∣∣ ∫ s
0
strΛ(ψ
2
1Πǫ)e
−δS20,u(S2ǫ,u − S20,u)Πǫe−(s−δ)S
2
ǫ,udδ
∣∣∣.
Again from the CheegerGromov relative estimates (32)
| trΛ(ψ1e−δS
2
uΠǫψ1)| ≤ Cδ−1/2, ‖(S2ǫ,u − S20,u)Πǫe−(s−δ)S
2
ǫ,u‖ ≤ C(s− δ)−1/2
with the onstants independent from |u| < ǫ. Then the integral of the supertrae (47) an be
estimated by the funtion of s, h(s) = C
∫ s
0
(s− δ)−1/2δ−1/2dδ −→s→0 0. In fat rst split the
integral into
∫ s/2
0
+
∫ s
s/2
to prove niteness then use the absolutely ontinuity of the integral
for onvergene to zero. Now from the limit lims→0 strΛ(ψ1(e−sS
2
ǫ,u −e−sS20,u)ψ1) = 0 and the
omparison argument we get that the asymptoti expansion for s → 0 of strΛ(φke−sD2ǫ,uφk)
is the same of the omparison operator S0,u = c(∂r)∂r +ΩD
F∂︸ ︷︷ ︸
D
+ ϑ˙uΩ︸ ︷︷ ︸
bounded perturbation
on the
innite ylinder. This is a very simple ufamily of generalized laplaians (see [4℄ Chapter 2.7)
and the Duhamel formula e−tS
2
0,u − e−tS20,0 = − ∫ u0 tϑ˙Ωe−tS0,vdvds shows what is written in
the statement i.e. strE([e−sD
2
ǫ,u,z ])(z,z) ≃
∑
j∈N aj(S0,u)(z)s
(j−dimF)/2
where the oeients
aj(S0,u) depend smoothly on u and satisfy aj(S0,u) = 0 for j ≤ dimF/2. One an take for g
the funtion g(u) :=
∑dimF/2
j=0
∫
∂X0×[0,4] aj(S0,u)(z)s
(j−dimF)/2dΛg.
3. This is done again by omparison with Sǫ,u. Consider the rdepending family of
tangential tangential measures (y, r) ∈ ∂X0× [a, b] 7−→ strE e−sD
2
ǫ,u,(x,r)dxdr where x ∈ L(y,r),
one oupled with dΛ it gives the measure µ := strE e−sD
2
ǫ,u,(x,r)dxdr · dΛ on X . The Fubini
theorem an ertainly used during the integration proess to nd out that the mass of µ an
be omputed integrating rst the rdepending tangential measures y 7−→ strE e−sD2ǫ,u,(y,r)dy
against Λ on the foliation at innity (∂X0,F∂) then the resulting funtion of r on [a, b],
LIMs→0
∫
∂X0×[a,b] dµ = LIMs→0
∫ b
a
∫
∂X0
strE([e−sS
2
ǫ,u ])(y,r),(y,r))dy · dΛdx and this is equal to
LIMs→0
b− a√
4πs
strΛ(e
−s(DF∂ǫ,u)2) = 0 in fat the boundary operator DF∂ǫ,u is invertible and the
wellknown MKeanSinger formula for foliations on ompat ambient manifolds (formula
(7.39) in [20℄) says that indΛ(D
F∂
ǫ,u) = strΛ e
−s(DF∂ǫ,u)2
independently from s. 2
Finally (47) beomes
indΛ(D
+
ǫ,u) = 〈Â(X)Ch(E/S), CΛ〉 − 1/2ηΛ(DF∂ǫ,u) + g(u). (48)
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Theorem 8.28  The Dira operator has nite dimensional L2 − Λindex and the following
formula holds
indL2,Λ(D
+) = 〈Â(X)Ch(E/S), [CΛ]〉+ 1/2[ηΛ(DF∂ )− h+Λ + h−Λ ] (49)
where
h±Λ := dimΛ(Ext(D
±)− dimΛ(KerL2(D±) (50)
with the dimension of the spae of extended solutions as dened in the denition 5.13 i.e.
dimΛ Ext(D
±) := dimΛ Ext(D±)
euθL2
independently from small u > 0.
Proof Start from
indL2,Λ(D
+
ǫ ) = lim
u↓0
1/2{indΛ(D+ǫ,u) + indΛ(D+ǫ,−u) + h−Λ,ǫ − h+Λ,ǫ}, (51)
here h±Λ,ǫ = dimΛ(Ext(D
±
ǫ ))−dimΛ(KerL2(D±ǫ )). For now proposition 5.11 says that Ext(D±ǫ ) =
KerL2(D
±
ǫ,±) = KereuθL2(D
±
ǫ ). Use the identity (48) into (51) and pass to the u −→ 0 limit
taking into aount proposition 7.24
indL2,Λ(D
+
ǫ ) = 〈Â(X)Ch(E/S), CΛ〉+
h−Λ,ǫ − h+Λ,ǫ
2
+
ηΛ(D
F∂
ǫ )
2
.
It remains to pass to the ǫlimit remembering that: limǫ↓0 indL2,Λ(D+ǫ ) = indL2,Λ(D
+) by
proposition 5.14, limǫ↓0 h−Λ,ǫ − h+Λ,ǫ = h− − h+ again by proposition 5.14 and
limǫ↓0 ηΛ(DF∂ǫ ) = ηΛ(D
F∂ ) by proposition 7.24. 2
9 Comparison with Ramahandran index formula
The Ramahandran index formula [23℄ stands into index theory for foliations exatly as the
AtiyahPatodiSinger formula stays in the lassial theory. Our formula orresponds to the
A.P.S ylindrial point of view. In this setion we prove that the two formulas are ompatible
and we do it exatly in the way it is done for the single leaf ase by APS. First we reall the
Ramahandran Theorem
9.1 The Ramahandran index
Sine we have hosen an opposite orientation for the boundary foliation the Ramahandran
index formula here written diers from the original in [23℄ exatly for its sign (as in setion
3 for the APS formula). So let us onsider the Dira operator builded in setion 2 but ating
only on the foliation restrited to the ompat manifold with boundary X0. To be preise with
the notation let us all F0 the foliation restrited toX0 with leaves {L0x}x, equivalene relation
R0 and DF0 the Dira operator ating on the eld of Hilbert spaes {L2(L0x;E)}x∈X0 . Near
the boundary DF0 =
(
0 DF
−
0
DF
+
0 0
)
=
(
0 −∂r +DF∂
∂r +D
F∂ 0
)
with the boundary
operator DF∂ . Let us onsider the eld of APS boundary onditions
B =
(
χ[0,∞)(DF∂ ) 0
0 χ(−∞,0)(DF∂ )
)
=
(
P 0
0 I−P
)
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ating on the boundary foliation. In the order of ideas of the paper by Ramahandran this
is a self adjoint boundary ondition i.e. its interats with the Dira operator in the following
way:
1. B is a eld of bounded selfadjoint operators with σB + Bσ = σ where σ is Cliord
multipliation by the unit (interior) normal.
2. If b is the operator of restrition to the boundary then (s1, D
F0s2) = (DF0s1, s2) for
every ouple of smooth setions s1 and s2 suh that Bbs1 = 0 and Bbs2 = 0.
Next Ramahandran proves using the BrowderGårding expansion that there's a eld of
restrition operators Hk(X0;E) −→ Hk−1/2(X0;E) extending b where the Sobolev spaes are
dened taking into aount the boundary. More preisely for a leaf L0x, the spae H
k(L0x;E)
is the ompletion of C∞c (L
0
x;E) (support possibly touhing the boundary) under the usual
L2based Sobolev norms. It follows from the restrition theorem that one an dene the
domain of D with boundary ondition B as H∞(X0;E,B) := {s ∈ H∞(X0;E) : Bbs = 0}.
Theorem 9.28  (Ramahandran [23℄) The family of unbounded operators D with domain
H∞(X0;E,B) is essentially selfadjoint and BreuerFredholm in the Von Neumann algebra of
the foliation with nite Λindex indΛ(D
F0) = given by the formula
indΛ(D
F0) = dimΛ(Ker(DF
+
0 ))− dimΛ(Ker(DF
−
0 ))
= 〈Â(X)Ch(E/S), CΛ〉+ 1/2[ηΛ(DF0 )− h] (52)
Now we are going to prove ompatibility between formula (52) and (49). First of all we
have to relate the two Von Neumann algebras in play. Denote (aording to our notation)
with EndR0(E) the spae of intertwining operators of the representation of R0 on L2(E)
and, only in this setion EndR0,Λ(E) the resulting Von Neumann algebra with trae trR0,Λ
in order to make distintion from EndR,Λ(E) the Von Neumann algebra of random operators
assoiated with the representation of R. Start with a measurable elds of bounded operators
X0 ∋ Bx 7−→ Bx : L2(L0x;E) −→ L2(L0x;E) with Bx = By a.e. if (x, y) ∈ R0. There's a
natural way to extend B to a eld of operators in EndR(E).
1. If x ∈ X0 simply let ıBx at to L2(Lx;E) to be zero on the ylinder
ıBx : L
2(L0x;E)⊕ L2(∂L0x × (0,∞);E) −→ L2(L0x;E)⊕ L2(∂L0x × (0,∞);E)
ıBx(s, t) := (Bxs, 0).
2. If x ∈ ∂X0 × (0,∞) dene ıBx := ıBp(x) where p : ∂X0 × (0,∞) −→ ∂X0 is the base
projetion and ıBp(x) is dened by point 1.
Proposition 9.29  The map ı : EndR0(E) −→ EndR(E) as dened above passes to the
quotient to an injetion ı : EndR0,Λ(E) −→ EndR,Λ(E) between the Von Neumannn algebras of
Random operators preserving the two natural traes trR,Λ(ıB) = trR0,Λ(B).
Proof The rst part is lear. An intertwining operatorB = {Bx}x∈X0 is zero Λa.e. inX0
then also does ıB in X for any transversal T ontained in the ylinder an slide by holonomy
to a transversal ontained in X0. About the identity on traes remember the link between
the diret integral algebras and the algebras of random operators i.e. Lemme 8 pag 48 in [12℄.
Choose ν to be the longitudinal Riemannnian metri then Λν is the integration of ν against
Λ. Let P0 be the Von Neumann algebra of Λνa.e. lasses of measurable elds of operators
X0 ∋ x 7−→ Bx ∈ B(L2(L0x;E)) and P the orresponding algebra builded replaing X0 with
X and B(L2(L0x;E)) with B(L
2(L0x;E)). Pass to a ultraweak dense ideal of operarators suh
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that the orresponding family X ∋ y 7−→ ∫ ıBxdνy is bounded. Then Lemme 8 pag 48 in [12℄
says that trR,Λ(ıB) =
∫
X Trace(Bx)dΛν(x) =
∫
X0
Trace(Bx)dΛν(x) = trR0,Λ(B). 2
Theorem 9.29  Let PrKer(DF
±
0 ) ∈ EndR0,Λ(E) the projetion on the Kernel of DF
±
0
with
domain given by the boundary ondition Px = 0, (I−P = 0) as in the formula of Ramahandran.
Let also PrKerL2(D
±) ∈ EndR,Λ(E) be the projetion on the L2kernel of the leafwise operator
on the foliation with the ylinder attahed and PrExt(D±) ∈ EndR,Λ(euθL2E) be the projetion
on the losure of the spae of extended solution seen in euθ for suiently small positive u.
1. ıPrKer(DF
+
0 ) is (MurrayVon Neumann ∼) equivalent to PrKerL2(D+) in EndR,Λ(E)
i.e. there exists a partial isometry u ∈ EndR,Λ(E) suh that u∗u = ıPrKer(DF+0 ) and
uu∗ = PrKerL2(D+). In partiular dimR0,ΛKer(D
F+0 ) = dimR,ΛKerL2(D+).
2. ıPrKerL2(D
F−0 ) ∼ PrExt(D−)e
uθL2
, for suiently small u and equivalene in
EndΛ(e
uθL2(E)) with the inlusion ı : EndR0,Λ(E) −→ EndΛ(euθL2(E)) dened as in
proposition 9.29. As a onsequene dimΛKer(D
F−0 ) = dimΛ Ext(D−).
Proof The idea is ontained in A.P.S. [3℄ when they prove the equivalene between
the boundary value problem and the L2 ylindrial problem. Their main instrument is the
eigenfuntion expansion of the operator at the boundary; now we use the BrowderGarding
generalized expansion to see that any solution of the boundary value problems extends to a
solution of the operator on the ylinder.
1. Use the BrowderGårding expansion as in the proof of the niteness of the projetion
on the kernel 5.1. For a single leaf, the isomorphism
L2(∂L0x × (−1, 0]) −→
⊕
j∈N
L2(R, µj)⊗ L2((−1, 0])
represents a solution of the boundary value problem as hj(r, λ) = χ(−∞,0)(λ)e−λrhj0(r) hene
the solution an be extended to the ylinder of the leaf ∂L0x × (0,∞). This learly gives a
eld of linear isomorphisms Tx : Ker(D
F+0
x ) −→ KerL2(D+x ) for x ∈ X0. First extend Tx to all
L2(L0x;E) to be zero on Ker(D
F+0 )⊥ then let x take values also in X aording to the method
explained before i.e. put Tx := Tp(x) for x in the ylinder. Take the polar deomposition
Tx = ux|Tx|, then ux is a partial isometry with initial spae Ker(DF
+
0
x ) and range Ker(D+x ),
i.e
u∗xux = PrKer(D
F+0
x ), uxu
∗
x = PrKer(D
+
x ).
We have to look at this relation into the Von Neumann algebra of the foliation on X . Split
every L2 spae of the leaves as L2(L0p(x);E) ⊕ L2(∂L0p(x) × (0,∞);E). With respet to the
splitting, forgetting the indexes x downstairs, we have u =
(
u11 0
u21 0
)
ating on the eld
of L2(X ;E) spaes of the leaves. Then u∗ =
(
u∗11 u
∗
21
0 0
)
with onditions u11u
∗
21 = 0
and u21u
∗
11 = 0. Finally uu
∗ =
(
u11u
∗
11 + u21u
∗
21 0
0 0
)(
Pr(DF
+
0 ) 0
0 0
)
= ıPr(DF
+
0 ) and
similarly u∗u = Pr(D+).
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2. It is very similar to statement 1. in fat writing the BrowderGårding expansion and
imposing the adjoint boundary ondition one ends diretly into the spae of the extended
solutions. 2
To onlude now we an ompare Ramahandran index with ours; let's ompare formula (52)
with (49) keeping in mind that, the index of Ramahandran is now our extended index (see
setion 3 ) indΛ(D
F0) = indΛ,L2(D+) = dimΛKerL2(D+)−KerL2(D−) to obtain the equation
dimΛ Ext(D
−)− dimΛKerL2(D−) = (h−Λ − h+Λ)/2 + h/2. The same argument applied to the
(formal) adjoint of D+ leads to the equation
dimΛ Ext(D
+)− dimΛKerL2(D+) = (h+Λ − h−Λ )/2 + h/2, then
h = h+Λ + h
−
Λ
exatly as in the Atiyah Patodi Singer paper.
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